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1. n-Dimensional Manifolds

Informally, an n-dimensional manifold is a "space” which locally (when looked at through
a microscope) looks like "flat space" R".
Many important examples of manifolds M arise as certain subsets M C R¥, e.g.:

1. n-dimensional affine subspaces M C RF

2.8 ={xcR"™ |3+ +x2 =1}

3. compact 2-dimensional submanifolds of R?

4. SO(3) = {A € R®*3 | A'A = Id} is a 3-dimensional submanifold of R’

Flat spaces (vector spaces = R") are everywhere. Curved manifolds come up in Stochastics,
Algebraic Geometry, ..., Economics and Physics — e.g. as the configuration space of a
pendulum (5?), a double pendulum (S* x S?) or rigid body motion (SO(3)), or as space
time in general relativity (the curved version of flat special relativity).

1.1 Crash Course in Topology

Definition 1.1 (Topological space). A topological space is a set M together with a subset
O C P(M) (the collection of all "open sets”) such that:

1. o,M € O,

2. U, €e0,0acl= UJU, €0,
acl

3. ul,...,Uneo,i ulﬁmLIneO.

Remark 1.2. Usually we suppress the the collection O of open sets and just say M is a
topological space. If several topologies and spaces are involved we use an index to make
clear which topology corresponds to which space.

Some ways to make new topological spaces out of given ones:

a) Let X be a topological space, M C X, then Oy := {UNM | U € Ox} defines a
topology on M — called "induced topology" or "subspace topology".

b) Let X be a topological space, M be a set, and 7t: X — M a surjective map. Then there
is a bijection between M and the set of equivalence classes of the equivalence relation
on X defined by

x~y < (x)=mn(y).
5
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In other words: M can be identified with the set of equivalence classes.

Conversely, given an equivalence relation ~ on a topological space X we can form
the set of equivalence classes M = X/.. The canonical projection w: X — M is the
surjective map which sends x € X to the corresponding equivalence class [x]. The
quotient topology

Om={ucM|r ()€ ox}

turns M into a topological space. By construction 7t is continuous.

Exercise 1.3 (Product topology).
Let M and N be topological spaces and define

BZZ{UXV|UEOM,V€ON}

Show that
O = { JUulAc B}
UeA
is a topology on M x N.

Definition 1.4 (Continuity). Let M, N be topological spaces. Then f: M — N is called
continuous if
FHU) € Oy forall U € O

Definition 1.5 (Homeomorphism). A bijective map f: M — N between topological spaces
is called a homeomorphism if f and f~! are both continuous.

Remark 1.6. If f: M — N is a homeomorphism, then for
UeOu< f(U) € On

So two topological spaces are topologically indistinguishable, if they are homeomorphic,
i.e. if there exists a homeomorphism f: M — N.

Definition 1.7 (Hausdorff). A topological space M is called Hausdorff if for all x,y € M with
x # y there are open sets Uy, U, € O with U, N U, = @.

Example 1.8. The quotient space M = R/ ~ with x ~ y <& x —y € Q is not Hausdorff.

Definition 1.9 (Second axiom of countability). A topological space M is said to satisfy
the second axiom of countability (or is called second countable), if there is a countable base of
topology, i.e. there is a sequence of open sets Uy, Uy, Us, ... € O such that for every U € O
there is a subset I C IN such that U = LGJI U,.

o
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Example 1.10. The balls of rational radius with rational center in R” form a countable base
of topology, i.e. R" is 2nd countable.

Remark 1.11. Subspaces of second countable spaces are second countable. Hence all sub-
sets of R” are second countable. A similar statement holds for the Hausdorff property.

Example 1.12. M = R? with the topology generated by B = {U x {y} |y € R, U € OR} is
not second countable.

Definition 1.13 (Topological manifold). A topological space M is called an n-dimensional
topological manifold if it is Hausdorff, second countable and for every p € M there is an open
set U € O with p € U and a homeomorphism ¢: U — V, where V- € Ogn.

=

E

Definition 1.14 (coordinate chart). Let M be an n-dimensional topological manifold. Then
a coordinate chart of M is a pair (U, ¢), where U C M is open and ¢: U — V C R" isa
homeomorphism onto an open set V.C R".

Exercise 1.15.
Let X be a topological space, x € X and n > 0. Show that the following statements are
equivalent:

i) There is a neighborhood of x which is homeomorphic to R".
ii) There is a neighborhood of x which is homeomorphic to an open subset of R".

Exercise 1.16.
Show that a manifold M is locally compact, i.e. each point of M has a compact neighbor-
hood.

Definition 1.17 (Connectedness). A topological space X is connected if the only subsets of X
which are simultaneously open and closed are X and .

Moreover, X is called path-connected if any two points x,y € X can be joined by a path, i.e.
there is a continuous map 7y: [0,1] — X such that ¢(0) = x and y(1) = y.

Exercise 1.18.
Show that a manifold is connected if and only it is path-connected.
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Definition 1.19 (coordinate change). Given two charts ¢: U — R" and ¢: V — R", then

the map
freUNV)—=ypUNV)

given by
f=vo(olyny)™

is a homeomorphism, called the coordinate change or transition map.

p(UNV) pUNV)

il 4

Definition 1.20 (Atlas). An atlas of a manifold M is a collection of charts { (U, ¢a) }act Such
that M — UI ulx.
[4S]

1.2 Smooth Manifolds

Definition 1.21 (Compatible charts). Two charts
p:U—R", y: V>R
on a topological manifold M are called compatible if

froUNV) = pUNV)

is a diffeomorphism, i.e. f and f~! both are smooth.

Example 1.22. Consider M = 8" ¢ R""!, let B = {y € R" | ||y|| < 1} an define charts as
follows:
Fori=0,...,n,

LIZi ={x € G2 | £x; > 0}, (pl?t,: LIIjE — B, gol.i(xo,...,xn) = (X0,--+, Xiy-+,Xn),

where the hat means omission. To check that ¢; are homeomorphisms is left as an exercise.
So: (Since 8" as a subset of R" ! is Hausdorff and second countable) 8" is an #-dimensional
topological manifold. All q)ii are compatible, so this atlas turns S" into a smooth manifold.
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An atlas {(Uy, ¢n) }aer of mutually compatible charts on M is called maximal if every chart
(U, ) on M which is compatible with all charts in {(Uy, ¢«) }acs is already contained in
the atlas.

Definition 1.23 (Smooth manifold). A differentiable structure on a topological manifold M
is a maximal atlas of compatible charts. A smooth manifold is a topological manifold together
with a maximal atlas.

Figure 1.1: This illustration for the case n = 2 is taken from the title page of the book
"Riemannian Geometry" by Manfredo do Carmo (Birkenhduser 1979).

Exercise 1.24 (Real projective space).
Let n € N and X := R"™!\ {0}. The quotient space RP" = X/ with equivalence relation
given by
x~y<==x=Ay, AR

is called the n-dimensional real projective space. Let t: X — RP" denote the canonical projec-
tion x — [x].
Fori=0,...,n, we define U; := ({x € X | x; # 0}) and ¢;: U; — R" by

[x0, ..., xn] — (X0/%Xi, -, X5y oo, X0/ X).
Show that

a) 7T is an open map, i.e. maps open sets in X to open sets in RP",
b) the maps ¢; are well-defined and {(Uj, ¢;) }ic; is a smooth atlas of RP”,

c) RP" is compact. Hint: Note that the restriction of 7 to S" is surjective.

Exercise 1.25 (Product manifolds).

Let M and N be topological manifolds of dimension m and 7, respectively. Show that their
Cartesian product M x N is a topological manifold of dimension m + n.

Show further that, if {(Uy, ¢u)}aca is a smooth atlas of M and {(Vp, ¢5) } gep is a smooth
atlas of N, then {(Ux X Vg, @a X ¥p) }(ap)caxp is @ smooth atlas of M x N. Here ¢, x

Pp: Uy X Vg — @a(Uy) X Pp(Vp) is defined by ¢u X ¢5(p,q) == (@a(p), ¥5(q))

Exercise 1.26 (Torus).
Let R"/Z" denote the quotient space R" /.. where the equivalence relation is given by

x~y:esx—yeZ

Let t: R" — R"/Z", x — [x] denote the canonical projection. Show:
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a) 7T is a covering map, i.e. a continuous surjective map such that each point p € R" /Z"
has a open neighborhood V such that 777! (V) is a disjoint union of open sets each of
which is mapped by r homeomorphically to V.

b) 7 is an open map.
c¢) R"/Z" is a manifold of dimension #.

d) {(7]y)"' | U C R" open, 7|y : U— rr(U) bijective} is a smooth atlas of R"/Z".

Definition 1.27 (Smooth map). Let M and M be smooth manifolds. Then a continuous map
f: M — M is called smooth if for every chart (U, ¢) of M and every chart (V, ) of M the map

e(f(VINU) = p(V), x> p(flo7(x)))

is smooth.

“(v)nu)

Definition 1.28 (Diffeomorphism). Let M and M be smooth manifolds. Then a bijective map
f: M — M is called a diffeomorphism if both f and f~' are smooth.

One important task in Differential Topology is to classify all smooth manifolds up to dif-
feomorphism.
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Example 1.29. Every connected one-dimensional smooth manifold is diffeomorphic to R
or S Examples of 2-dimensional manifolds: [pictures missing: compact genus 0,1,2,...
Klein bottle, or torus with holes (non-compact)] - gets much more complicated already. For
3-dimensional manifolds there is no list.

Exercise 1.30. Show that the following manifolds are diffeomorphic.
a) R?/7>.
b) the product manifold gl x s,

¢) the torus of revolution as a submanifold of R3:

T = {((R+rcos¢)cosh,(R+rcos¢)sinb,rsing) | 9,0 € R}.

1.3 Submanifolds

Definition 1.31 (Submanifold). A subset M C M in a k-dimensional smooth manifold M is
called an n-dimensional submanifold if for every point p € M there is a chart ¢: U — V of M
with p € U such that

p(UNM) = VN(R" x {0}) c RX.

Let us briefly restrict attention to M = R¥,
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Theorem 1.32. Let M C R* be a subset. Then the following are equivalent:

a) M is an n-dimensional submanifold,

b) locally M looks like the graph of a map from R" to R*~", which means: For every point

p € M there are open sets V.C R" and W C M, W > p, a smooth map f: V — R
and a coordinate permutation 7t: RF — Rk, 7T(X1, ooy Xk) = (Xoy, ooy Xo ) SUCh that

(W) ={(x, f(x)) [x €V},

¢) locally M is the zero set of some smooth map into R™", which means: For every p € M

there is an open set U C R¥, U 3 p and a smooth map g: U — R¥" such that
MNU={xelU|g(x) =0}

and the Jacobian g’ (x) has full rank for all x € MN U,

d) locally M can be parametrized by open sets in R", which means: For every p € M there are

open sets W C M, W 3 p, V. C R" and a smooth map ¥: V — R* such that ¢ maps V
bijectively onto W and ' (x) has full rank for all x € V.

Remark 1.33.
First, recall two theorems from analysis:

The inverse function theorem:

Let U C R" be open, p € U, f: U — R" continuously differentiable, det f'(p) # 0.
Then there is a an open’ subset U C U, U > p and an open subset V C R", V 3 f(p)
such that

1. flg: U — V is bijective,

2. f ]&1 : V — U is continuously differentiable.

We have (f71)(q) = f'(f'(q))~! for all g € V. We in fact need a version where
‘continuously differentiable’ is replaced by ¢*. Let us prove the ¢ version. Then all
the partial derivatives of first order for f~! are entries of (f~!)". So we have to prove
thatg — (F71)(q) = (f) "1 (f"1(q)) is continuously differentiable. This follows from
the smoothness of the map GL(1#,R) > A — A~! € GL(n,R) (Cramer’s rule), the
chain rule and the fact that f': I — R"*" is continuously differentiable. The general
case can be done by induction.

The implicit function theorem (¢ — version)

Let U C R* be open, p € U, g: U — R*" smooth, g(p) = 0, ¢’(p) is surjective. Then,
after reordering the coordinates of ]Rk, we find open subsets V C R", W C R" ¥ such
that (p1,...,pn) € V and (pyi1,...,px) € Wand V x W C U. Moreover, there is a
smooth map f: V — Wsuch that {g € Vx W |g(q) =0} = {(x, f(x)) | x € V}.

Proof. (of Theorem 1.32)

(b) = (a): Let p € M. By b) after reordering coordinates in R* we find open sets V € R”,

W C R¥" such that p € V x W and we find a smooth map f: V — W such that
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(VXW)NM = {(x, f(x)) | x € V}. Then
9: VX W =R (xy) = (x,y - f(x))
is a diffeomorphism and (M N(V x W)) C R" x {0}.
(@) = (0): Let p € M. By a) we find an open U € R*, U > p and a diffeomorphism
¢: U — U C R* such that (UNM) C R" x {0}. Now define g: U — R*" to

be the last k — n component functions of ¢, i.e. ¢ = (¢1,..., Pn,81,---,8k—n)- Then
MN(V x W) = g 1({0}). For g € V x W we have

Hence ¢’ has rank k — n.
(c)= (b): This is just the implicit function theorem.

(b)= (d): Let p € M. After reordering the coordinates by b) we have an open neighborhood
of p of the form V x W and a smooth map f: V — W such that

MOV xW)={(x,f(x)) | x eV}
Now define ¢: V — R by ¢(x) = (x, f(x)), then ¢ is smooth

v =(7%)

So ¢'(x) has rank 7 for all x € V. Moreover, (V) =MN(V x W).

(d) = (b): Let p € M. Then by d) there are open sets V ¢ R”, U C R, U 5 p and a
smooth map ¢: V — R such that ¢»(V) = MNU such that rank ¢/'(x) is n for all
x € V. After reordering the coordinates on R¥ we can assume that ¢ = (¢, f)! with
¢: V — R" with det¢’(xq) # 0, where ¢(xg) = p. Passing to a smaller neighborhood
V C V,V 3 p, we then achieve that ¢: V — ¢(V) is a diffeomorphism (by the inverse
function theorem). Now for all y € ¢(V) we have
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1.3.1 Examples of submanifolds in R*

n-dimensional unit sphere

S"={xeR"™ |[x}+x5+  +a2,, =1}
is an n-dimensional submanifold (a hypersurface) of R" ™!, because
S" = {x ¢ R"™ | g(x) = 0}

where
R SR, g(x) =2 +x3+ a2, — 1

We now have to check that ¢/(x) has rank 1 on ¢~ 1({0}): We easily see that ¢’(x) =
2x # 0 for x # 0.

orthogonal-group
O(n) C R™" = R" defined by

O(n) = {A e R | A'A =T}

is a submanifold of R™ of dimension nn—1)/2.

Define
g R™" — Sym(n) = R""V/2 A g(A) = A'A - 1
Then
a1 a2 - dn
* dpp - Oy
* * o o o ann

The number of entries above and including the diagonal is
n+m+1)+---+2+1=nn-1)/2
So we still need to check that ¢'(A): R"*" — Sym(n) is surjective for all A € O(n).

Interlude: Consider derivatives of maps f: U — R™, where U C R open. Then
f'(p): R¥ — R™ is linear. But how to calculate f'(p)X for X € RF?
Choose some smooth
v:(—¢¢e) » RF

such that 7(0) = p and 9/(0) = X. Then by the chain rule
(f27)'(0) = f/(7(0))7'(0) = f'(p)X.

Solet A € O(n), X € R, B: (—¢¢e) — R with B(0) = A, B'(0) = X (e.g.
B() = A + £X).
Then

g(AX= 4| B
- 4| Bersom -1
= (B')'(0)B(0) + B'(0)B'(0)
=X'A+ A'X.
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which is the end of the interlude.

To check that ¢'(A) is surjective, let Y € Sym(n) be arbitrary. So Y € R"*",
Y' =Y. Thereis X € R"" with X'A+ A'X =Y, e.g. X = JAY:

By a straightforward calculation we yield

XA+ A X =J(Y'A'A+ A'AY) =Y.

So O(n) is a submanifold dimension n? — ”("2+1) _ n(nz—l).

The Grassmanian of k-planes
Consider the set

Gk(R") := {k-dimensional linear subspace}

the set of k-dimensional linear subspaces of R”. We represent a linear subspace U C
RR¥ by the orthogonal projection Py € R™*" onto U. The map Py is defined by

Pyly =1Iduy, PulgL =0 (1.1)
Py has the following properties:
P4 =Py, Pj;=Py trPy=dimU

In the decomposition R'=U® UL, we have

_(Idy O
ru= ("0 ).
Conversely: If P* = P, then there is an orthonormal basis of R"” with respect to which

P is diagonal.
M

An
If further P> = P, then A? = A; < A; € {0,1} foralli € {1,...,n}. After reordering

the basis we have
I, 0
0 0

for some k < n. So P is the orthogonal projection onto a k-dimensional subspace with
k =trP.
Thus we have
Gi(R") = {P € End(R") | P?> = P, P* = P, trace P = k}.
We fix a k-dimensional subspace V and define

Wy := {L € End(R") | Py o L|y, invertible}.

Since Wy is open, the intersection G;(R") N Wy is open in the subspace topology.

Fix a k-dimensional subspace V C R". Then a k-dimensional subspace U C R" “close’
to V is the graph of a linear map Y € Hom(V,V1):
With respect to the splitting R" = V & V-,

U = Im (I?/V) — {(x,Yx) [x € V).
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The orthogonal complement U~ of U is then parametrized over V! by (—Y*,Idy.).
For x € V and y € V' we have

<(1;Cx) ’ (—l;*y>> = (x,=Y"y) + (x,Yy) =0

Since rank (—Y,Idy.) is n — k, we get

L -Y*
U =Im (Idvl) .

Further, since the corresponding orthogonal projection Py is symmetric we can write

A B*
with A* = A, B* = B. Explicitly A = Py o S|y, B= Py 0 S|, and C = Py, o S|y..
From Equation (1.1) we get

(Idv> _p, (Idv) _ (A+ B*Y)/ 0=p, (—Y*) _ (—AY**Jr B*) .
Y Y B+ CY Idy . —-BY*+C
In particular, Y* = A71B* and, since A is self-adjoint,
Y = BA~! (1.2)
If we plug this relation into the equation Idy = A + B*Y we get
Idy = A(Idy + Y*Y)
Since (Y*Yx, x) = (Yx,Yx) > 0 the map Idy + Y'Y is always invertible.

This yields
A= (Idy +Y*Y)!

In particular, P; € Wy N Gg(R"). Further, since AY* = B*, we get that
B=Y(Idy + Y*Y)™!
and, together with C = BY™ we yield
C=Y(Idy + Y*Y) ly*
Hence

p _ ( (dv+ Y*Y)"!  (Idy 4+ Y*Y)"ly*
U= \ydy + YY)t Y(Idy + YY)y

Equation (1.3) actually defines a smooth map

> € WvﬂGk(]Rn). (1.3)

¢: Hom(V, V1) — Wy NG(R")

with left inverse given by Equation (1.2), which is smooth on Wy, hence ¢ is surjective
and has full rank. Thus G, (R") is locally parametrized by Hom(V, V) 22 Rk (=%),
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NS

{X3 = 1} \V >

Figure 1.2: One possibility to visually identify G;(IR®) and RP2.

Theorem 1.34. The Grassmannian Gg(R") of k-planes in R" (represented by the orthogonal
projection onto these subspaces) is a submanifold of dimension k(n — k).

Exercise 1.35.
Show that G1(R%) C Sym(3) is diffeomorphic to RP2,

Exercise 1.36 (Mobius band).
Show that the Mobius band (without boundary)

M= {((2+rcos¥)cos¢, (2+rcos¥)sing,rsin) |re (-1,1), ¢ € R}

is a submanifold of R®. Show further that for each point p € RP? the open set RP?\ {p} C
RP? is diffeomorphic to M.

1.4 Tangent Spaces in R

Definition 1.37. Let M C RF be an n-dimensional submanifold and p € M. Then X € R*
is called a tangent vector of M at p if there is a smooth map «v: (—e,€) — M C R¥ such that
7(0) = p and 7/(0) = X.

Y

Figure 1.3: A tangent vector of M at p together with a curve 7.

Remark 1.38. Note that the smoothness of the map < in the above definition is understood
as smooth map to R¥.
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Definition 1.39. The set of tangent vectors of M at a point p is called the tangent space T, M
of M at p.

Theorem 1.40. If M C R* is an n-dimensional submanifold and p € M, then TyM is an
n-dimensional linear subspace of R¥.

Proof. We male use of d) the equivalent definitions of submanifols of theorem 1.32 to obtain
an open set U C R", g € U and a smooth map ¢: U — M C R* such that (g) = p and
dim¢'(q)R" = rank ¢’ (q) = n. Here

PR == {y'(q)X | X e R"}.
For y € R" define a curve as follows: Choose € > 0 small enough such that g + tY € U for
t € (—e¢,€) and define

v:(—€,€) = M, t— y(t) = (g +tY).

A
X
u Y P
>
/\/ '
\ > v M

{g+tY |t e (—¢e)}

L | \
\ ! /
—€ 0 €

Figure 1.4: Construction of oy by mapping a straight line segment in U.

By the chain rule: 4'(0) = ¢’(g)Y, hence by definition ¢'(7)Y = 7'(0) € T,M. As Y was
arbitrary we yield

P(@R" = {¢'(9)X | X e R"} C T,M.
We note that {¢/(7)X | X € R"} is a linear subspace of R as ¢/(q) has full rank.
Now we use c) of theorem 1.32 to find an open set W C R*, p € W and a smooth map
g: W — RF™ such that g(x) = 0 for all x € WN M and g'(p) has rank k — n. If we now

take X € T,M it comes with a curve y: (—¢,€) — M such that y(0) = p and 7/'(0) = X.
Then with g o y(0) = g(p) = 0 and the chain rule:

0=2g'(p) =& (1(0)7'(0) = g'(2(0))X,
so that X € kerg'(p). As kerg/(p) is a linear subspace of R* with dimension 1 we en up
with
imy'(q) C T,M C kerg'(p).
As the left and the right hand side of this inclusion are linear subspaces of the same di-
mension, im ¢’(g) C ker ¢'(p) implies that

imy'(q) = T,M = ker ¢'(p).
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1.5 Matrix Lie Groups

Although we take, for our purposes, an “efficient” approach to Lie Groups by considering
subgroups of GL(n,R), we also want to give the general definition:

Definition 1.41. A set G with a map
*x:GXG—G, (vy) — xxy:=uxy
is called a group if
1. (xy)z = x(yz) forall x,y,z € G.
2. Thereis e € G such that for all x € G we have ex = xe = Xx.

3. For every x € G thereis x~ ' € G such that x 'x = xx 1 =e.

Definition 1.42. A Lie group is a group G which is also a manifold such that the maps

x:GxG— G, (x,y) = xy
)G —=G x—axt

are smooth.

The most important example for us will be general linear group
Gl(n,R) := {A € R"™" | detA # 0}

is an open set in R"*" and therefore a manifold. The group multiplication is matrix mul-
tiplication and therefore smooth. The same holds for A > A™!, it can for instance be

explicitly computet by Cramer’s rule. Note that, as an open set of R"*" = R™, we only
need a single coordinate chart.

Definition 1.43. A Lie subgroup of a lie group G is a submanifold H C G which is also a
subgroup of G:

x,y€H — xye H
x€H = x'eH

Exercise 1.44. Check that a Lie subgroup naturally has the structure of a Lie-group itself.

Definition 1.45. A Lie subgroup of GL(n,R) is called a matrix Lie group.

Example 1.46.

1. The orthogonal group O(#n) is a matrix Lie group.
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2. SO(n,R) := {A € R"™" | det A = 1} is the “special linear group”. Clearly this is a

subgroup of GL(n,R). By defining
g: R - R, ArrdetA—1
we see that SO(1n,R) is the zeroset of g. It remains to check that
g(A) =0 — g'(A) #0.

Then part c) of theorem 1.32 yields the claim. For A € SO(n,R) and Y € R"*" choose
B: (—€,€) = R"™" with B(0) = A and B/(0) = Y. for example B(t) = a + tY. Then,
with A = (ay,...,a,) and B = (by,...,b,) by definition of the directional derivative
and the product rule

AX) =4 g(Br)

_ 4
Cdt|,_,

d
= T - [det(b1(t),...,bu(t)) —1]

= det(bﬂ(O),az,. . .,lln) + ...+ det(al,. e, An_1, b;(O))

[det B(t) — 1]

As the colums of A are by assumption linearly independent we can write for every
jed{l,...,n}

n n
b;(O) = Z xkjak = Z akxkj.
k=1 k=1

Writing this in matrix form gives

B'(0) = AX
where
X11 ... Xin
xnl oo xnn

in other words: X = A~'B’(0). Hence

d n
E g(B(t)):det<zxklak102/---/an>+
k=1

t=0

+ det <a1,. e, Ay_1, i xknak>
= tr(X) det(A) -
Choose now any X € R"*" with tr(X) # 0 and define Y := AX, then
§'(A)(Y) = tr(X) # 0.

Therefore SL(1,R) is an (n? — 1)-dimensional submanifold of R"*",
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3. The “special orthogonal group”
SO(n) := O(n) NSL(n,R)
(n=1)

. . . . . n
is a matrix Lie group of dimension 5

RTZXTZ

TIG =g

G

Figure 1.5: The tangent space T;G at the identity is the Lie algebra.

The tangent space of a Lie group G is commonly written as the same letters in fracutred
font g.

Definition 1.47. If G C R™*" is a matrix Lie group, then then tangent space g := T;G is
called the Lie algebra of G.

Remark 1.48. We've already shown that the Lie algebra is a vector space.

Definition 1.49. A Lie algebra is a real vector space g togehter with a bilinear map
[ ]axe—g
such that forall X,Y,Z € g:
1. [X,Y]=-=[Y,X] (skew-symmetry).
2. [X Y, Z]+[Y,[Z,X]]+ [Z,[X,Y]] =0  (Jacobi-identity).

Example 1.50. Consider g = R"*" = T)GL(n,R) then
X, Y] := XY — YX.

Then obviously
(X, Y] = ~[Y, X]

and
(X,[Y,Z]] = X(YZ—ZY) — (YZ - ZY)X = XYZ — XZY — YZX + ZYX

so that adding the cyclic permutations yields the Jacobi-identity.
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Definition 1.51. If g is a Lie algebra and ty C g is a linear subspace. Then Y is called a Lie
subalgebra if
X,Yeh = [X, Y] €

Lemma 1.52. B: (a,b) — GL(IR) smooth, then for all t € (a,b)

(B—l)’ — _B~lg'B~ 1.

Proof. We differentiate the equality B™'B = I:
(BYB+B'B=0 < (B! =-B'BBL
U

Theorem 1.53. If G C GL(n,R) is a matrix Lie group, then g = TG is a Lie subalgebra of
R"*" with the standard cummutator as defined above.

Proof. Let X,Y € T;G. We have to show that XY — YX € T;G. By the definition of tangent
vectors we can choose A, B: (—€,€) — G auch that A(0) = B(0) = I and A’(0) = X and
B'(0) =Y.

We first show that for all t € (—¢, €) we have that
B(t)"'XB(t) € T;G = g.

To this end define C: (—¢,€) — G by

Then

hence (as B(t) is constant in s)
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Therefore
B Yt)XB(t) € TIG =g

forall t € (—¢,€).

Moreover,
g2 % i (Bfl(t)XB(t» = (—=B~1(0)B'(0)B~1(0))XB(0) + B~1(0)XB'(0)
! = —YX + XY
= [X,Y].

Example 1.54. For G = SO(n) it is
TiG = so(n) = {X € R"™" | XT = —X}.
Then for X,Y € so(n) we have
X, YT = (XY = YX)T = yTXT - XTYT =YX - XY = —[X,Y]

hence [X, Y] € so(n).



2. The Tangent Bundle

2.1 Tangent Vectors

Let M be an n-dimensional smooth manifold. We will define for each p € M an n-
dimensional vector space T,M, the tangent space of M at p.

Definition 2.1 (Tangent space). Let M be a smooth n-manifold and p € M. A tangent vector
X at p is then a linear map
X:6°M) >R, f—Xf

such that there is a smooth curve «y: (—¢, €) — M with ¢(0) = p and
Xf=(for)(0).

The tangent space is then the set of all tangent vectors TyM := {X | X tangent vector at p}.

,
o

7 ___.R

f
Lit ¢ = (x1,...,%,) be a chart defined on U > p. Let f = fo cp’l, ¥=¢@oyand p = ¢(p).
Then
~ ~ (B0
Xf=(foy)(0)=(fo7)(0)= (af(p),....0nf(P)) | :
7(0)

So tangent vectors can be parametrized by n numbers a; = 4/(0):

Xf = 06131f(}5) +-+ “nanf(ﬁ)-

Exercise 2.2.
Within the setup above, show that to each vector « € R”, there exists a curve 7: (—¢,€) —

M such that 1(0) = p and (f 07)'(0) = a191f(§) +--- + 1:0u f (P).

24



CHAPTER 2. THE TANGENT BUNDLE 25

Definition 2.3 (Coordinate frame). If ¢ = (x1,...,x,) isa chartat p € M, f € €°(M).

Then
0

ox;

f=ai(foe (g(p), i=1,...,n
P

is called a coordinate frame of T, M at p.

Interlude: How to construct ¥*° functions on the whole of M?
Toolbox: f: R — R with

_ 0 for x <0,
flx) = {e_l/x for x > 0.

X
is €% and so is then g(x) = f(1 —x?) and h(x) = / g. From h this we can build
0

a smooth function 7i: R — [0,1] with fi(x) = 1 for x € [~1,1] and fi(x) = 0 for
x € R\ (—~1,1). Then we can define a smooth function /1: R" — R by h(x) =
h(x3 + - - - x2) which vanishes outside the unit ball and is constant = 1 inside the ball
of radius 3.

Theorem 2.4. Let M be a smooth n-manifold, p € M and (U, ¢) a chart with U > p. Let
ai,...,a, € R. Then there is f € € (M) such that

)
o,/

=aq;, i=1,...,n

Proof. We define §: R" — R, §(x) = h(A(x — ¢(p))) with A such that §(x) = 0 for all
x & o(U). Then let

fiR" = R, f(x):= g(x)(arx; +axy + -+ + apxy)

Then f: M — R given by

fq) = {f(q’O(Q)) ?Z):Z;LLI[

is such a function. O

Corollary 2.5. The set of vectors % Jeees %
p n

is linearly independent.
p

Corollary 2.6. T,M C € (M)" is an n-dimensional linear subspace.

Proof. Follows from the last corollary and from Exercise 2.2, which shows that T,M is a
9
. Ul

,...,m »

subspace spanned by %
p
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Theorem 2.7 (Transformation of coordinate frames). If (U, ¢) and (V,4) are charts with
pelnV, ¢lyuny = Po ¢l ny. Then for every X € TyM,

0 d
X:Z[lia—xi

L
p Z layi

P
where ¢ = (x1,...,%n), ¥ = (Y1,-..,Yn), we have

a by

Proof. Let v: (—¢,¢) — M such that Xf = (f o7)(0). Let ¥ = ¢ oy and § = i o1, then
a=7(0), b=4%0).
Let ®: p(UNV) — ¢(UNV) be the coordinate change ® = @ o ¢~ L. Then
Yy=@poy=Poppoy=>o4q.

In particular,

Definition 2.8. Let M and M be smooth manifolds, f: M — M smooth, p € M. Then define
a linear map dpf: TyM — Tr,\M by setting for g € €% (M) and X € TM

dpf(X)g := X(go f).

Remark 2.9. d,,f(X) is really a tangent vector in T,M because, if X corresponds to a curve
7v: (—¢,€) — M with (0) = p then

dpf(X)g = % _(&ef)er= % _selen = a1 o

::'7

Notation:
The tangent vector X € T,M corresponding to a curve y: (—¢, &) — M with (0) = p
is denoted by X =: 9/(0).

Theorem 2.10 (Chain rule). Suppose g: M — M, f: M — M are smooth maps, then

dp(fog) = dg(p)fodpg'
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Definition 2.11 (Tangent bundle). The set

™ := U T,M
peEM

is called the tangent bundle of M. The map

m:TM — M, T,M 3 X — p

is called the projection map. So T,M = 7t ({p}).

Most elegant version of the chain rule:
If f: M — M is smooth, then df: TM — TM where df(X) = d(x)f(X). With this

notation,
d(fog) =dfodg.
Theorem 2.12. If f: M — M is a diffeomorphism then for each p € M the map
dpf: T,M = Ty(nM
is a vector space isomorphism.
Proof. f is bijective and f~! is smooth, Idy; = f~! o f. Forall p € M,
IdTpM = dp(IdM) = df(p)f_l o dpf

So d,f is invertible. O

Theorem 2.13 (Manifold version of the inverse function theorem).
Let f: M — M be smooth, p € M with dpf: TyM — Tg,)M invertible. Then there are open

neighborhoods U C M of p and V.C M of f(p) such that f|, : U — V is a diffeomorphism.

Proof. The theorem is a reformulation of the inverse function theorem. O

T,M

Theorem 2.14 (Submersion theorem). Let f: M — M be a submersion, i.e. for each p € M
the derivative dpf : TyM — Tg(,\M is surjective. Let q = f(p) be fixed. Then

M:= f({q})

is an n-dimensional submanifold of M, where n = dim M — dim M.
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Remark 2.15. The sumbersion theorem is a manifold version of the implicit function theo-
rem.

Proof. Take charts and apply Theorem 1.32. O

Theorem 2.16 (Immersion theorem). Let f: M — M be an immersion, i.e. for every p € M
the differential d,f: T,M — Tf(p)1\7[ is injective. Then for each p € M there is an open set

U C M with U > p such that f(U) is a submanifold of M.

p —_—¥

Proof. Take charts and apply Theorem 1.32. O

Is there a global version, i.e. without passing to U C M? Assuming that f is injective is not
enough.

Figure 2.1: Example of an injective immersion that is no submanifold.

Exercise 2.17.

Let f: N — M be a smooth immersion. Prove: If f is moreover a topological embedding, i.e.
its restriction f: N — f(N) is a homeomorphism between N and f(N) (with its subspace
topology), then f(N) is a smooth submanifold of M.

Exercise 2.18.
Let M be compact, f: M — M an injective immersion, then f(M) is a submanifold.

Exercise 2.19.
Let X := C%\ {0}. The complex projective plane is the quotient space CP! = X/, where
the equivalence relation is given by

p~PpeAp=19, AcC.
Consider §®> C R* = C?, then the Hopf fibration is the map
m: 8> — CPL, [yl

Show: For each p € CP! the fiber 7~ 1({p}) is a submanifold diffeomorphic to S'.
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2.2 The tangent bundle as a smooth vector bundle

Let M be a smooth n-manifold, p € M. The tangent space at p is an n-dimensional subspace
of (¢*(M))* given by
TM={X € (¢°M))" | I7: (=&¢) = M, 7(0) = p, Xf = (fo7)'(0) = Xf,Vf € € (M)}

The tangent bundle is then the set

™= U T,M
peEM

and comes with a projection
7 TM—M, T,M3X—peM
The set 7' ({p}) = T,M is called the fiber of the tangent bundle at p.

Goal: We want to make TM into a 2n-dimensional manifold.

If 9 = (x1,...,X,) be a chart of M defined on U > p. Then we have a basis -2-

8x1

9
J 7 axn

p p

of TyM. So there are unique y1(X),...,y:(X) € R such that
d
X = Z%‘(X) ox; p-

Let {(Uy, ¢a)}uca be a smooth atlas of M. For each « € A we get an open set U, :=
7~ (U,) and a function y,: U, — R" which maps a given vector to the coordinates y, =
(Yai1,---,Yan) with respect to the frame defined by ¢,.

u
“T,M

10

27’[
//4.}9_\

Uy

Now, we define
Gu: T H(U) — R" x R" = R*"
by
Po = (@u © T, Ya)-
For any two charts we have a transition map ¢up: @a(Us NUp) — @g(U, N Ug) such that
Pp = Pup © Paly, U The chain rule yields:

yp(X) = @ (@a((X)))ya(X).

Hence we see that ¢g o @, !is a diffeomorphism.
Topology on TM:

U,Xﬂll,;

Omm := {W CTM | «(WNUy,) € Ogan forall x € A}.
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Exercise 2.20.

a) This defines a topology on TM.
b) With this topology TM is Hausdorff and 2nd-countable.

c) All ¢, are homeomrophisms onto their image.

Because coordinate changes are smooth, this turns TM into a smooth 2n-dimensional man-
ifold.

Definition 2.21 (Vector field). A (smooth) vector field on a manifold M is a smooth map

X:M—TM

with mo X = Idy i.e. X(p) € TyM forall p € M.

Remark 2.22. Usually we write X, instead of X(p). If X is a vector field and f € €*(M),
then Xf € (M) is given by (Xf)(p) = X, f.
Read: "X differentiates f".

X T,M C TM

M M

Exercise 2.23.
Show that each of the following conditions is equivalent to the smoothness of a vector field
X as a section X: M — TM:

a) For each f € €°(M), the function Xf is also smooth.

0
b) If we write X|,; =: Zvia in a coordinate chart ¢ = (x1,...,x,) defined on U C M,
then the components v;: U — R are smooth.

Exercise 2.24.
On $? = {x = (xp,x1,%) | |x]] = 1} € R® we consider coordinates given by the stereo-
graphic projection from the north pole N = (1,0,0):

Y1 = 1f—1x0’ Y2 = 1f—2x()

Let the vector fields X and Y on $?\ {N} be defined in these coordinates by
— d d _ 0 0
X = Yagyr — Yigyr Y—ylm T Y25,
Express these two vector fields in coordinates corresponding to the stereographic projection
from the south pole S = (—1,0,0).

Exercise 2.25.
Prove that the tangent bundle of a product of smooth manifolds is diffeomorphic to the
product of the tangent bundles of the manifolds. Deduce that the tangent bundle of a torus

S! x 8! is diffeomorphic to 8! x S! x R2.



3. Vector bundles

Definition 3.1 (Vector bundle). A smooth vector bundle of rank k is a triple (E,M, 7r) which
consists of smooth manifolds E and M and a smooth map

n:E—M
such that for each p € M
(i) the fiber E, := 7t~ ({p}) has the structure of a k-dimensional vector space
(ii) each p € M has an open neighborhood U C M such that there exists a diffeomorphism
¢: 1 H(U) — U x RF

such that rryy o ¢ = 7 and for each p € M the restriction Ttk o gb\Ep is a vector space
isomorphism.

Definition 3.2 (Section). Let E be a smooth vector bundle over M. A section of E is a smooth
map : M — E such that 7w o ¢ = Idy.

I'(E) :={¢: M — E | ¢ section of E}

Example 3.3.

a) We have seen that the tangent bundle TM of a smooth manifold is a vector bundle of
rank dim M. Its smooth sections were called vector fields. Seuwsbet by 74

b) The product M x R¥ is called the trivial bundle of rank k. Its smooth sections can be
identified with R¥-valued functions. More precisely, if 7rp: M x R — R¥, then

T(MxRF) 3¢ f:=moyp e €°(M).

From now on we will keep this identification in mind.

Ways to make new vector bundles out of old ones

General principle: Any linear algebra operation that given new vector spaces out of given
ones can be applied to vector bundles over the same base manifold.

Example 3.4.
Let E be a rank k vector bundle over M and F be a rank ¢ vector bundle over M.

31
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a) Then E @ F denotes the rank k + ¢ vector bundle over M the fibers of which are given
by (E D F)p = Ep S5 Fp. A helld sbeply %3"2 s 5}’;4 - % bed

b) Then Hom(E,F) denotes the rank k - ¢ vector bundle over M with fiber given by

Hom(E,F), := {f: E, — F, | f linear}. ~p (bt lecad foiv o boll f ) wep
t2(s ot avle G” hesssge ¢@w6
¢) E* = Hom(E,M x R) with fibers (E*), = (Ep) : boo tewialitobiam Jurre't oluaarit gy b V%

Let Eq, ... .E,, F be vector bundles over M.
d) Then a there is new vector bundle E] ® - - - ® E; ® F of rank rankE; - - - rankE, - rankF
with fiber at p givenby Ej, ® - - - ® E}, ® Fp = {B: E1p x ... x Eyp = Fp | p multilinear}.

Exercise 3.5.
Give an explicit description of the (natural) bundle charts for the bundles (written down as
sets) in the previous example.

Starting from TM:
a) T*M := (TM)* is called the cotangent bundle.

b) Bundles of multilinear forms with all the Ey, ..., E,,F copies of TM, T*M or M x R
are called tensor bundles. Sections of such bundles are called tensor fields.

Example 3.6 (tautological bundle).
We have seen that

Gi(R") = {Orthogonal projections onto k-dim subspaces of R" }

is an (n — k)k-dimensional submamfold of Sym(n )‘ffNow we can define the tautological
bundle, as follows: Gl "

e LY E= {(Pv eGk(lR”)|Pv—v}

W, is an open neighborhood of Py as described in the Grassmannian example. Then for
(Pu, ) € E define ¢(Py,v) € W x V 2 W x R by ¢(P,,v) = (Py, Pyv). Check that this
defines a local trivialization.

Exercise 3.7.

Let M C R* be a smooth submanifold of dimension 7. Let :: M < R¥ denote the inclusion

map. Show that the normal bundle NM = I_IM(TPM)L C TR =2 M x RF is a smooth
pe

rank k — n vector bundle over M.

Definition 3.8 (pullback bundle). Given a smooth map f: M — M and a vector bundle
E — M. Then the pullback bundle f*E is defined as the disjoint union of the fibers

(f*E)p = Ef(p),

in other words

FE = C M xE.

S Ef)

Exercise 3.9.
The set f*E is a smooth submanifold of M x E.
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f*E E

Definition 3.10 (Vector bundle isomorphism). Two vector bundles E — M,E — M are
called isomorphic if there exists a bundle isomorphism between E and E, i.e. a diffeomorphism

f:E—>l::,

such that 7t o f = 7t (fibers to fibers) and f |Ep : B, — E, is a vector space isomorphism.

Fact: (without proof)
Every rank k vector bundle E over M is isomorphic to f*E, where E is the tautological
bundle over G¢(R") (some 1) and some smooth f: M — G¢(R").

Definition 3.11 (trivial vector bundle). A vector bundle E — M of rank k is called trivial if
it is isomorphic to the trivial bundle M x R,

Remark 3.12. If E — M is a vector bundle of rank k then, by definition, each point p € M
has an open neighborhood U such that the restricted bundle E|; := 7~ (U) is trivial, i.e.
each bundle is locally trivial.

Definition 3.13 (Frame field). Let E — M be a rank k vector bundle, ¢1,...,pr € T(E).
Then (@1,. .., @x) is called a frame field if for each p € M the vectors ¢1(p),..., ¢r(p) € Ep
form a basis.

Proposition 3.14. E is trivial if and only if E has a frame field.

Proof.

"=" E trivial = 3F € THom(E,M x R¥) such that F,: E, — {p} x R* is a vector space
isomorphism for each p. Then, fori =1,...,k define ¢; € T(E) by ¢, = F '({p} x &).

"=" (@1,...,¢) frame field ~» define F € THom(E,M x R¥) as the unique map such that
Fy(@i(p)) = {p} x e; for each p € M. ~ F is a bundle isomorphism.
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O

From the definition of a vector bundle: Each p € M has a neighborhood U such that E|;
has a frame field.

Theorem 3.15. For each p € M there is an open neighborhood U and ¢4, ..., ¢x € T'(E) such
that 1|y, ..., Qkly is a frame field of E|;.

Proof. There is an open neighborhood U of p such that E| is trivial. Thus there is a frame
field @, ..., @ € T(E|g). There is a subset U C U, a compact subset C with U € C C U
and a smooth function f € €% (M) such that f|;; =1 and fypc = 0. Then, on U, we define

and extend it by the O-vector field to whole of M, i.e. ¢;(q) =0 € E; for g € M\ U. O

Example 3.16.
A rank 1 vector bundle E (a line bundle) is trivial < 3 nowhere vanishing ¢ € I'(E)

Example 3.17. Let M C R’ submanifold of dimension 7. Then a rank ¢ — 1 vector bundle
NM (the normal bundle of M) is given by

N,M = (NM) = (T,M)* C T,R’ = {p} x R".

Fact: The normal bundle of a Moebius band is not trivial.

Figure 3.1: A Moebius band made from a piece of paper.

Example 3.18. The tangent bundle of S? is not trivial - a fact known as the hairy ball theorem:
Every vector field X € T(TS?) has zeros.

| Hint: Show that the vector fields ¢q(x1, x2,x3,x1) = (—x2, X1, X4, —x3), ¢2(x1,x2,%3,x4) = (X3, X4, —X71, —X2)

§ and (p3(x1, X2, X3, X4) = (—X4, X3, —X2, xl) form a frame of TS>.
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3.1 Vector fields as operators on functions

Let X € I(TM) and f € (M), then Xf: M — R, p — X,f, is smooth. So X can be

viewed as a linear map
X: €M) = ¢°(M), f— Xf.

Theorem 3.20 (Leibniz’s rule).
Let f,g € € (M), X € T(TM), then

X(fg) = (Xf)g + f(Xg).

Definition 3.21 (Lie algebra). A Lie algebra is a vector space g together with a skew bilinear

map
[, ]igxg—g

which satisfies the Jacobi identity,
X, Y, Z)) + [Y, 12, X]] + [, [X, Y]] = 0.

Theorem 3.22 (Lie algebra of endomorphisms). Let V be a vector space. End(V) together
with the commutator

,.]: End(V) x End(V) — End(V), [A, B] := AB — BA

forms a Lie algebra.

Proof. Certainly the commutaor is a skew bilinear map. Further,

A(BC — CB) — (BC — CB)A + B(CA — AC)
— (CA— AC)B+C(AB — BA) — (AB — BA)C,

[A,[B,C]] + [B, [C, A]] + [C, [A, B]]

which is zero since each term appears twice but with opposite sign. O

Theorem 3.23. Forall f,g € € (M), X,Y € I'(M), the following equality holds
X, 8Y] = f8IX, Y]+ f(Xg)Y — g(Yf)X

Lemma 3.24 (Schwarz lemma). Let ¢ = (x1,...,xy) be a coordinate chart, then
Jd d
— ~|l=0
lax,-’ ax]]

Exercise 3.25.
Prove Schwarz lemma above.
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oy ¥ verlo Lreld »

0 0
Thus,if X =) gj— and Y =) b;—, we get
L%, ]Z ER

d d db; 9 da; 0 ab; da;, 0
(X, Y] = ;[aia—%,bja—%] = Z(”fa_xia_x,- - fa_xja_xi) =) (a;a—x], - fa_x]-)a_xi'
/] L]
Thus [X, Y] € T(TM). In particular, we get the following theorem.

Theorem 3.26. The set of sections on the tangent bundle T(TM) C End(€*(M)) is a Lie
subalgebra.

Exercise 3.27.
Calculate the commutator [X, Y] of the following vector fields on R? \ {0}:

X 0 y 0
= J— + —,
/X% + 2 0x /x2 +y2 9y

Write X and Y in polar coordinates (7 cos ¢, rsin ¢) — (7, ¢).

X

Definition 3.28 (Push forward).
Let f: M — N be a diffeomorphism and X € T'(TM). The push forward f.X € I'(TN) of X is
defined by

fiX:=dfoXof!

) Exercise 3.29.
| Let f: M — N be a diffeomorphism, X,Y € T'(TM). Show: f.[X,Y] = [f. X, f.Y].

3.2 Connections on vector bundles

Up to now we basically did Differential Topology. Now Differential Geometry begins, i.e. we
study manifolds with additional ("geometric") structure.

Definition 3.30 (Connection). A connection on a vector bundle E — M is a bilinear map
V:T(TM) xT(E) — I'(E)
such that for all f € € (M), X € T(TM), ¢ € T(E),
(i) Vexp = fVxyp
(@i) Vxf = (X)p+fVxy.

The proof of the following theorem will be postponed until we have established the exis-
tence of a so called partition of unity.

Theorem 3.31. On every vector bundle E there is a connection V.
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Definition 3.32 (Parallel section).
Let E — M be a vector bundle with connection V. Then ¢ € T'(E) is called parallel if, for all
X eTM,

Vxyp =0

Interlude:
Let V, V be two connections on E.
Define
A:T(TM) x T(E) = T'(E) by Ax¢ = Vx¢ — Vx¢p

Then A satisfies 3
Apxth = Vixp — Vexp = fAxY
and
Ax(fy) = - = fAxy.
Suppose we have w € THom(TM, End E). Then define B: T'(TM) x I'(E) — I'(E) by
(Bxy)p = wp(Xp)(¢p) € Ep.
Then
Bexyp = fBxy,  Bx(fy) = fBxy.

Theorem 3.33 (Characterization of tensors). Let E,F be wvector bundles over M and
A:T(E) — T'(F) linear such that for all f € € (M), ¢ € I'(E) we have

A(fp) = fA()-
Then there is w € THom(E, F) such that (Ay), = wy(¢p) forall p € T(E), p € M.
Proof. Let p € M, ¢ € E,. We want to define w by saying: Choose i € T'(E) such that
¢y = . Then define wy, () = (Ap),.
Claim: (Ay), depends only on ¢, i.e. if ¢, € T(E) with ¢, = ¢, then (Ay), = (A¢),,
or in other words: ¢ € T'(E) with ¢, = 0 then (Ay), = 0.

Proof. choose a frame field (¢y,..., ) on some neighborhood and a function f €
¢ (M) such that fiy,..., fi are globally defined sections and f = 1 near p. Let
¢ € I'(E) with ¢, = 0. This leads to

Yy = a1+ -+ agyx
with aq,...,a; € (goo(ll) Then
FPAY = A(f*y)

= A((fa1)(fy1) + -+ (far) (fgx))
= (fa1)A(f1) + -+ (far) A(fhr))-

Evaluation at p yields then (Ay), = 0. O
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Remark 3.34. In the following we keep this identification be tensors and tensorial maps in
mind and just speak of tensors.

Thus the considerations above can be summarized by the following theorem.

Theorem 3.35. Any two connections V and \V on a vector bundle E over M differ by a section
of Hom(TM, End E): )
V —V € THom(TM, End E).

Exercise 3.36 (Induced connections). '
Let E; and F denote vector bundles with connections V' and V, respectively. Show that the
equation

(VxT)(Ya,...,Ys) = Vx(T(Yy,...,Y,)) = Y T(Yy,..., VY;,...,Yy)
i

for T € T(Ef ® --- ® Ef ® F) and vector fields Y; € T'(E;) defines a connection V on the
bundle of multilinear forms Ef ® - - - ® E; ® F.

Remark 3.37. Note that, since an isomorphism p: E — E between vector bundles over M
maps for each p € M the fiber of E, linearly to the fiber E,, the map p can be regarded as a
section p € THom(E, E). If moreover E is equipped with a connection V and E is equipped
with a connection V we can speak then of parallel isomorphisms: p is called parallel if
Vp = 0, where V is the connection on Hom(E, E) induced by V and V (compare Example
3.36 above).

Definition 3.38 (Metric). Let E — M be a vector bundle and Sym(E) be the bundle whose
fiber at p € M consists of all symmetric bilinear forms E, X E, — R. A metric on E is a
section (.,.) of Sym(E) such that (.,.) is a Euclidean inner product for all p € M.

Definition 3.39 (Euclidean vector bundle). A vector bundle together with a metric (E, (.,.))
is called Euclidean vector bundle.

Definition 3.40 (Metric connection). Let (E,(.,.)) be a Euclidean vector bundle over M.
Then a connection V is called metric if for all i, ¢ € T'(E) and X € T'(TM) we have

X, ) = (Vxp, ¢) + (¥, Vxo).

Exercise 3.41.
Let V be a connection on a direct sum E = E; & E; of two vector bundles over M. Show

that .
vV A
v_(A VJ’
where A € Ql(M, Hom(Ey, Ey)), A € Ql(M, Hom(E, E1)) and V! are connections on the
bundles E;.
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Recall:
A rank k vector bundle E — M is called trivial if it is isomorphic to the trivial bundle

M x R¥. We know that
E trivial <  3¢1,...,¢r €T(E): ¢1(p), ..., 9x(p) linearly independent for all p € M.
The trivial bundle comes with a trivial connection

Vil . TIMxRF) 3¢ & f=moyp c €°(M,RF)

then N
Vggzvzal¢ o de _ Xf

for X € T'(TM). More precisely,
vty = (n(X), Xf).

This clarified in the following the trivial connection often will be denoted just by 4.

Every vector bundle E is locally trivial, i.e. each point p € M has an open neighborhood
U such that E|; is trivial.

Definition 3.42 (Isomorphism of vector bundles with connection). An isomorphism be-
tween vector bundles with connection (E,V) and (E,V) is a vector bundle isomorphism
o: E — E, which is parallel, i.e. for all X € T(TM), ¢ € T'(E),

Vx(pop) =po(Vxy).

Two vector bundles with connection are called isomorphic if there exists an isomorphism between
them. A vector bundle with connection (E, V) over M is called trivial if it is isomorphic to the

trivial bundle (M x R, d).

Remark 3.43. Note that ¢ € T'(M x R¥) is parallel if 77 o ¢ is locally constant.

Theorem 3.44. A vector bundle E with connection is trivial if and only if there exists a parallel

frame field.

Proof.

"=" Let p: M x R — E be a bundle isomorhism such that pod = V o p. Then
Pip 1= o(p,ei), i=1,...,k
form a parallel frame.
"<": If we have a parallel frame field ¢; € T'(E), then define
p:MxRE =B, p(p,o) =Y vigi(p).

It is easily checked that p is the desired isomorphism.
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Definition 3.45 (Flat vector bundle). A vector bundle E with connection is called flat if
it is locally trivial as a vector bundle with connection, i.e. each point p € M has an open
neighborhood U such that E|; (endowed with the connection inherited from E) is trivial.

In other words: If there is a parallel frame field over U.




4. Differential Forms

4,1 Bundle-Valued Differential Forms

Definition 4.1 (Bundle-valued differential forms). Let E — M be a vector bundle. Then
for £ > 0 an E-valued (-form w is a section of the bundle A*(M, E) whose fiber at p € M is the
vector space of multilinear maps T,M x - - - X TyM — E,,, which are alternating, i.e. for i # j

a)p(Xl,...,Xi,...,X]',...,Xg) = —wp(Xl,...,X]',...,Xi,...,Xg).

Further, define A°(M, E) := E. Consequently, O°(M, E) := T'(E).

Remark 4.2. Each w € Of(M, E) defines a tensorial map I'(TM)* — I'(E) and vice versa.

Definition 4.3 (Exterior derivative). Let E — M be a vector bundle with connection V. For
¢ > 0, define the exterior derivative

dV: Q' (M,E) — Q"1 (M, E)

for vectors Xy, ..., Xy € T(TM) as follows:
dvw(Xo, ..., Xp) =Y (-1)'Vx,(w(Xo,..., Xi..., X))
i
+ Y (-D"Mw([X, Xj), Xo, - Koo, X, X0)

i<j

Proof. Actually there are two things to be verified: dV w is tensorial and alternating.
First let us check it is tensorial:
ANw(Xo, oo f X Xe) = Y (-1 Vxw(Xo, oo, Xiyooo ) f i, X0)
i<k
—FVka (Xo,...,X .,Xg)
—|—Z VX(,U Xo,...,ka,...,Xi,...,Xg)

i>k

+ Z (—1)i+jw([Xi,X]'],...,Xi,...,ka,...,X]',...,Xg)
i<jiZk,j#k

+ Y (D) o((X, X, X, K X0)

i<k

—|—Z k+l ka,fX] Xk,...,Xi,...,Xg)

k<i

41
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= fdVw (Xo, : ka, .

+Y (- w(Xo, ..., Xi, ..., Xp)

i#k

+ Y (D)o (Xif) Xp oo Ko Ry, X0)
i<k

Y (-)"wo(Xif) Xk Kier o Koo X0)
k<i

_ fde(XO/‘ . _,ka,. . .,Xg)-

Next we want to see that dVw is alternating. Since d¥w is tensorial we can test this on
commuting vector fields, i.e [X;, X;] = 0. With this we get for k < m that

d¥w(Xo, o Xy Xy, X0) = Y (1) Vxw(Xo, oo, Xive oo Xy oo Xy -+, X0)

i<k

+(— )kVX w(Xo, - ..,)A(m,...,Xk,...,Xg)

+ Z VX(U Xo, ..,Xm,...,Xi,...,Xk,...,Xg)
k<i<m

+ (-1 )’“ka D10, YD CHD SN ¢)

+ Y (-1)'Vxw(Xo, oo Xy i Xy, X0)
i>k

==Y (-1)'Vxw(Xo,. ., Xiso oo, Xiy oo Xy, X0)

i<k

+ (—1)k+(m_k—1)vaa)(Xo, .. .,Xk, .. -/Xk/- . .,Xg)

— Y (-)'Vxw(Xo, oo Xipe o Koo, Xy, X0)
k<i<m

+(—1)m+<m—k—1>vxk (Xoy s Koy ooy Xm0 X0)

—Z VX(JJ Xo, ..,Xk,...,Xm,...,XZ',...,Xg)
i>k
:Z( )wa(XQ,...,X,...,Xg)
i<k
= —dVw(Xo, ..., Xy Xy, Xy),

where the second equation follows by successively shifting the vector fields X, resp. Xj to
the right resp. left. O

1-forms:
Let E — M be a vector bundle with connection V, then A'(M,E) = Hom(TM, E). We
have Q°(M, E) = I'(E). We obtain a 1-form by applying d" :

O°(M,E) > ¢ — dVyp = Vi € QY(M,E).

As a special case we have E = M x R.
Then
I'M x R) <> € (M)

and
AY(M,M x R) = Hom(TM, M x R) > Hom(TM, R) = T*M
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So in this case Q'(M,M x R) = T(T*M) = Q}(M) (ordinary 1-forms are basically
sections of T*M). For M = U C R" (open) we have the standard coordinates x;: U —

R (projection to the i-component) ~+ dx; € Q' (M).

Now let X; := % € T'(TU) which as R"-valued functions is just the canonical basis

X; = e;. Then X, ..., X, is a frame and we have dx;(X;) = d;;,
frame of T*U dual to X3, ..., X,. So every 1-form is of the form:

thus dxq,...,dx, is the

w=mdxy+ - +a,dx,, ay,...,a, €E7(U).

If f e €(U), then X;f = §—£. With a small computation we get

d d

9x1 9xy, 4.

df =

/-forms:

Let M C R" be open and consider again E = M x R. Then for iy,...,i;, define

dx; A -+ Adx;, € QY (M) by

dxl-l AN /\dxil,(Xl,. . .,Xg) = det

dxil(Xl) dxil(Xg)

dxi€<X1) dx,-Z(Xg)

Note: If iy = ig for & # B, then dx; A--- Adx;, = 0. If 0 {1,...,0} =-{1,...,¢}isa

permutation, we have

dxial A A dxl.q =signo dx; A--- Adx;,.

Theorem 4.4. Let U C R" be open. The {-forms dx;; A\ --- Adx;, for 1 < iy < ---<ip<n

are a frame field for A°(U), i.e. each w € QF(U) can be uniquely written as

w = Z Ajy.i, dxil AN AN dxl-é
1§i1<-~-<i€§n

with aj,...;, € €= (U). In fact,

o — (2
11-..1[ — axill ooy axiz .
Proof. For uniqueness note that
YA
a a 1/1 1]¢ . . B
dxil/\---/\dxiz(—,...,—):det :{1 Zf{ll’
oxj, dx;j, 0 else.
51'5]'1 517]'@
Existence we leave as an exercise.
Theorem 4.5. Let U C R”" be open and w = ) ai,...i, Axi, A -
1§i1<---<i4§n
then o 5
A, ...i
dw = ) Y = dx Adxy A Adxg,.

8x1~

1§i1<---<ig§1fl =il

.,ig} = {j1/~--/j€}/

0

--/\dxié E QZ(U),
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Proof. By Theorem 4.4 it is enough to show thatforall1 <jp<--- <j, <mn

0 d o, ... d d
dwo(—,...,—) = - ‘dx A dx; ANdx, (5—,..., =)
(axjo axfz) 1<11<Z<z,_;<n zz l A : 8x]0 9x;,
3 i g e AR A () <)
=0 o ]k 9x;, 9x;,
4
— Z(_l)k ]0"']k"']€
k=0 oxj,
But we also get this sum if we apply the definition and use that [8 aa ]=0. O
Xk

Example 4.6. Let M = U C R> be open. Then every ¢ € O*(M) can be uniquely written as
0 = aydxy ANdxz + ardxs N\ dxq + azdxy A\ dxs.

Let 0 = dw with w = v1dx] + vpdxy + v3dx3. Then

0 9, 0 d d o0, 9v; 9y

dw(a—xi/a—xj) = a—xiw(a—xj) - a—x],w(a—xi) “aw  ox;

Thus we get that 2 = curl(v).

The proofs of Theorem 4.4 and Theorem 4.5 directly carry over to bundle-valued forms.

Theorem 4.7. Let U C R" be open and E — U be a vector bundle with connection V. Then
w € QY (U, E) can be uniquely written as

w = Z wil"’ig d'xi1 ANEA dxi[/ ¢i1"~ig c F(E)

1<ip<---<iy<n

Moreover,
dVw = Y. 2 (V 2 l[Jll d,) dxi Adxi A - Adx;,.

1<ii < <ip<ni=1

Exercise 4.8.
Let M = R, Let | € T(EndTM) be the 90° rotation and det € O?(M) denote the determi-
nant. Define *: Q'(M) — Q}(M) by *w(X) = —w(JX). Show that

a) forall f € (M), dxdf = (Af)det, where Af = o ~—f+s5
b) w € QY (M) is closed (i.e. dw = 0), if and only if w is exact (i.e. w = df).

4.2 Wedge product

Let U, V, W be vector bundles over M. Let w € Qk(M, U), 5 € Qé(M, V). We want to define
w Ay e O (M, W).

Therefore we need a multiplication *: U, x V, — W, bilinear such that for ¢ € T'(U), ¢ €
I'(V) such that ¢ x ¢: p — ¢, *p ¢} is smooth, i.e. P * ¢ € T(W). In short,

*xeT(U"@V @W).
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Example 4.9.
a) Most standard case: U =M x R =V, * ordinary multiplication in RR.
b) Also useful: U =M x R, V = M x R™>™, W = M x R®™, x matrix multiplication.

c) Another case: U = End(E), V= W = E, « evaluation of endomorphisms on vectors,
ie. (Axy), = Ap(¢p).

Definition 4.10 (Wedge product). Let U, V,W be vector bundles over M and x € T(U* ®
V* @ W). For two forms w € OF(M,U) and n € QF(M,V) the wedge product w Ay €
OF (M, W) is then defined as follows

1
wA(Xq, ..., Xerr) = Y. sgnow(Xey, .., Xo) ¥ 1(Xogqs- - Xag,y)-

€Sk

Example 4.11 (Wedge product of 1-forms). For w,y € Q!(M) we have

wA7(X,Y) = w(X)(Y) = w(Y)y(X).

Theorem 4.12. Let U, V,W be vector bundles over M, * € T(U* @ V* @ W), ¥ € T(V* ®
U* @ W) such that ¢ ¢ = ¢ % for all ¢ € T(U) and ¢ € T(V), then for w € QF(M,U),
n € Q' (M, V) we have

wAy= (-1 Aw.

Proof. The permutation p: {1,...,k+ ¢} — {1,... k+ ¢} with (1,...,k,k+1,..., k+¢) —
(k+1,...,k+7¢,1,...,k) needs k¢ transpositions, i.e. sgnp = (—1)“. Thus

1
wAN(Xy, .o, Xpo) = T Z sgno w(Xpy, .o, Xo) ¥ 1(Xoyyy - -0 Xogy)
T 0ESKyy
1 ~
—= W Z Sgnan(XUk+l""’XUk+[)*w(lell"'/X(Tk)
T oESKy
1 ~
=i L sen(0op)n(Xe, o Xay ) Fw(Xay, - Xy )
TESk4e
(-1)" ~
- klfl Z SgnUT](XU’l;-..,XUk)*CU(XU—k+1,...,XU-k+é)

€Sk

= (—D*pAw(Xy,. .., Xipo)-
O

Remark 4.13. In particular the above theorem holds for symmetric tensors * € I'(U* @ U* ®
V).
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Theorem 4.14. Let Ey, ..., Eq be vector bundles over M. Suppose that * € T(E] ® E5 ® Ej),
€T (E; ®E;®Es), * € I'(E; ® Eg ® Es) and % € T(E; ® E5 ® Eg) be associative, i.e.

(1 * ¢p) %P3 = 1 % (P2 ¥ ¢3), forall Y1 € T(Eq), 1 € T'(Ez), ¢y € T(E3).
Then for w; € Q" (M, Ey), wo € OF2(M, Ey) and ws € OF (M, E3) we have

w1 N (a)z VAN CL)3) = (w1 AN a)z) N\ ws.

Proof. To simplify notation: E; = --- = E¢ = M x R with ordinary multiplication of real
numbers. wi =, wy = B, w3 =7, k1 =k, ky =4, kg = m.

1
OCA(’BA’)’)(XL...,X]H_@_H”):W Z Sgl’lO’(X(Xgl,...,ng)

T OESktm

1
— Y sgnp ﬁ(xmpl,...,Xakw)y(xmw,...,XUMW)

' pes€+nz

Observe: Fix 0, . ..,0x. Then oy 1, . .., Ok ¢4 already account for all possible permutations
of the remaining indices. In effect we get the same term (¢ 4 m)! (number of elements in
S¢+m) many times. So:

1
UC/\(ﬁ/\')/)(Xl,,Xk+g+m) = W Z Sgl’lO’tX(Xgl,...,ng)

UESk+€+m

'ﬁ(XUkH/ sy X‘Tk+£)’y(X‘7k+£+1’ sy Xffk+z+m)'

Calculation of (a A B) Ay gives the same result. O

Important special case:
On a chart neighborhood (U, ¢) of M with ¢ = (x,...,dx,) we have

dxil VANKIEEWAN dxik(Yl,. . .,Yk) = Z sgnadx,-l (Yg’l) cee dxik(ng) = det(dxi].(Yk)>j ,

oESE !
as was defined previously. In particular, for a bundle-valued form w € QZ(M,E) we
obtain with Theorem 4.7 that

Wy = Z Wiy, dxig Ao Adxg, P, € T(E|y),
1§1'1<~"<1'€§1’1
and
(de)‘u - Z dvlpir'iz A dxil AREERA dxiz'

1Si1<--~<i[§1’l

Theorem 4.15 (Product rule). Let Eq, Ep and E3 be vector bundles over M with connections
V1, V2 and V3, respectively. Let x € T(Ef ® E3 ® E) be parallel, i.e. V(1 x ) = (Vi) x
@+ P (V2) forall p € T(Ey) and ¢ € T(Ey).. Then, if w € QF(M, E;) and n € Q°(M, Ey),
we have , : ,

AV (wAn) =@ w) Ap+ (Do A @ ).
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Proof. 1t is enough to show this locally. For w = pdx; A--- Adx;, n = @dxj, A--- Ndx;,

dVS(w/\U) = dVB(lp*godxil /\---/\dxik/\dle A - --/\dx]-é)
= dV(x @) Adxy A -+ Adxg, Adxg, A - A dx,
= (@' ) x o +pxdY @) Adxy A--- Adxy Adxj A - Adx;,
1

= @V )« @ Adxjy A+ Adxy Adxj A+ Adxj,
o (dV @) Adxy A Adxg Adxg A--- Adx,

= dV'y Adxy Ao Adxg A gdxj A - Adx;,
(=1 Adxg A Adxg AdY @ Adx A Adx,

= @V w) A+ (=Dfw A @¥7).

Since dV is R-linear and the wedge product is bilinear the claim follows. O



5. Pullback

Motivation: A geodesic in M is a curve vy without acceleration, i.e. 7" = (')’ = 0.
But what a map is y'? What is the second prime?

We know that 7'(t) € T, ;M. Modify 9 slightly by

~

Y (t) = (t,9'(t)) meaning that 7' € I'(y*TM).

Right now 7*TM is just a vector bundle over (—¢,¢). If we had a connection V then
we can define L
,)/// — vi,)//
ot

Definition 5.1 (Pullback of forms). Let f : M — M be smooth and w € (Y (M, E). Then
define
ffw € QKM f*E)
by
(ffw)(Xy, ..., X) == (pw(df(X1),...,df (Xk)))
forallp e M, Xq,..., Xy € T,M.
For ¢ € Q°(M, E) we have f* = (Id, ¢ o f).

For ordinary k-forms w € QF(M) = QF(M, M x R):

(ffo)(X1,..., Xp) = w(df(X1),...,df (Xk))

Let E — M be a vector bundle with connection V, f: M — M.
48
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Theorem 5.2. There is a unique connection
V =: f*V
on f*E such that for all ¢ € T(E), X € T,M we have Vx(f*¥) = (p, Varx)¥)-
In other words 3 )
V) = (VIe) = £ (V).

Proof. For uniqueness we choose a local frame field ¢y,..., ¢, around f(p) defined on

V C N and an open neighborhood U C M of p such that f(U) C V.

Then for any 9 € T'((f*E)|,) there are g1,..., g € €°(U) such that p =) ¢;f*¢;. If a
j

connection V on f*E has the desired property then, for X € T,M,
Vxp =) ((Xg)f 9;+8Vx(f 9)))
j

= Y ((X8))f "9+ 8i(p, Varx) 97))
]

= L ((X8)f o +gj;(n wik(X) k)
]

= (P,Z((ng)fpjOf+gj;wjk(X)<Pkof)),

J

where

Varx) 9 = Y wi(X) gk o f,
k

with wj € Q! (U). For existence check that this formula defines a connection. O

Theorem 5.3. Let w € OF(M,U), n € QY (M, V) and » € T(U* @ V* @ W), then
frlwng)=fwAf.

Proof. Trivial. O

Theorem 5.4. Let E be a vector bundle with connection V over M, f: M — M, w € QF(M, E),
then
Y (fw) = fd¥w).

Proof. Without loss of generality we can assume that M C R” is open and that w is of the
form

w = Z lPil...ikdxil JANERIRIVAN dxz-k.

1§i1<---<ik§n
Then
f*w = Z (f*wil'“ik)f*dxﬁ JANEIID /\f*dxl-k,
1§i1<"'<ik§?’l

d¥w = Y Vi Adxg A Adxg,.

1§i1<-"<ik§?’l
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Hence

ffdVw= Y (Vi) A fidxg A A frdxg,

1<ii << <n

= Y. (F*Vf iyi) Ndxj odf A+~ Ndxj odf

1§i1<"'<ik§7’l

= Y @V Ya) Ad(xi o f) A Ad(x; o f)

1<ii << <n

AR
L]

Exercise 5.5.
Consider the polar coordinate map f: {(r,0) € R? | r > 0} — R? given by f(r,0) :=
(rcosf,rsinf) = (x,y). Show that

fH(xdx+ydy) =rdr and  f*(xdy—ydx) = r*do.

Theorem 5.6 (Pullback metric). Let E — M be a Euclidean vector bundle with bundle metric
gand f: M — M. Then on f*E there is a unique metric f*g such that

(P f¢) = f8(, 9)

and f* g is parallel with respect to the pullback connection f*V.

Exercise 5.7.
Prove Theorem 5.6.



6. Curvature

Consider the trivial bundle E = M x R, then
fEETMRY) < $ET(E)by f ¢ ¢ = (Idy, f)
On E we have the trivial connection V:
Y= (Idy, f) €T(E), X eT(IM).

This leads to the definition
Vxy := (Idy, Xf).

Claim: This V satisfies for all X,Y € T'(TM), ¢ € T'(E):
VxVyyp - VyVxyp = V[X,Y]IP-
Proof. The fact that Vyyp = (Idy, Yf) and VxVyyp = (Idy, XY f) yields

VxVyyp = VyVxyp = (Idw, [X, Y]f) = Vix yv§.
L]

In the case that M C R" open, X = %, Y
formula says

aixj this leads to [X,Y] = 0 and the above

VaVayp=VaVai

0x; ox i Jx i 0x;

The equation VxVyyp — VyVxip — Vx y)p = 0 reflects the fact that for the trivial connec-
tion partial derivatives commute.
Define a map
RY:T(TM) x T(TM) x T'(E) — I'(E)
by
(X,Y,9) = RY(X,Y)p := VxVyp — VyVx§p — Vix v .

Theorem 6.1. Let E be a vector bundle with connection V. Then for all X,Y € T'(TM) and
Y € I'(E) we have
RV(X,Y)p =dVaVy(X,Y).

Proof. In fact it is

dV(@Vy)(X,Y) = Vx(dVg(Y)) = Vy(dV (X)) —dVy([X, Y])
= vaygb — VyVXl[J — V[X,Y]lp-

51
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Theorem 6.2 (Curvature tensor). Let V be a connection on a vector bundle E over M. The map
RY is tensorial in X,Y and . The corresponding tensor RV € O?(M, EndE) such that

[RY(X,Y)¢lp = RV (Xp, Yp)p

is called the curvature tensor of V.

Proof. Tensoriality in X and Y follows from the last theorem. Remains to show that RV is
tensorial in :

RY(X,Y)(f) = VxVy(f¥) = VyVx(f$) — Vixy (f9)
= Vx((YO)Y + fVyy) = Vy(XH)p + fVx)p — (X, Y)Y + fFVix )
= X(YA)p+ (YHVxyp + (X)Vyy + fVxVyyp — Y(XSf)
—(XHOVyp = (YO)Vyy — fVYVxp = ([X, Y] )Y — fVix P
= fRY(X,Y)y.

Exercise 6.3.
Let E — M be a vector bundle with connection V, ¢ € T(E) and f: N — M. Then

(FRY)(fP) = f(RV¢) = RV fry.

Lemma 6.4. Given Xq,...,Xi € TpM, then there are vector fields Xy, ..., X; € T'(TM) such
that
Xip =R, Xip = X4

and there is a neighborhood U > p such that

(X, Xj1|,; = 0.

Proof. We have already seen that we can extend coordinate frames to the whole manifold.
This yields n vector fields Y; such that [Y;, Yj] vanishes on a neighborhood of p. Since there
Y; form a frame. Then we can build linear combinations of Y; (constant coefficients) to
obtain the desired fields. O

Theorem 6.5.
Let E — M be a vector bundle with connection V. For each w € QOF(M, E)

dVdVw = RVA w.

Proof. Letp € M, Xq,..., X0 € TpM. Choose Xi, ..., Xj4» € I'(TM) such that X;, = X;
and near p we have [X;, X;] = 0,i,j € {1,...,k+2}. The left side is tensorial, so we can

use X1, ..., X4 to evaluate dVdV w(Xy, ..., Xis2). Then ijefl,... k+2}

k ) .
dVCU(XiO,. . "Xik) = Z(—l)]VXijw(XiO,. . .,Xl'

» e Xi).
]:
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Then

dvde(Xl, . /Xk+2) = Z(—l)i—’_jVXiVXja)(Xl, . ,Xi, . ,Xj, . ,Xk+2)

i<j
+ Z(—l)i+j+1VXiVij(X1, e ,X]‘, cen ,Xi, - ,Xk_|_2)
j<i
= Z(_l)i+j(invXj — vvaXi)w(Xlz- .y, Xi, - ,)A(j, ceny, Xk+2)
i<j
= Z(—l)i+ij(Xi, X]')w(Xl, .. -/Xi/- . .,X]', .. .,Xk+2).
i<j

On the other hand

1
RVAw(Xl,...,Xk+2):ﬁ Y sgnoRY (Xey, Xoy)w(Xos, - - -, Xoy.r)-

TESk40
Fori,je{1,...,k+2},i # j define
Agijy =10 € Skpa [ {on, 2} = {i,j} }-
Fori < jdefine o'/ € Syypby o) =iand o =j, 0 <--- </, ie.
ol =(i,7,3,...,0,..., ], ..., k+2).

In particular we find that sgn o’/ = (—1)"*/. Further

Ay ={070p|p€Skin p1=1,00=2}U{0"0p|p€Sps, pr1=2p=1}.
::X? i} A
L]

=)
Note, sgn(c'/ 0 p) = (—1)"*/ sgn p. With this we get
1

2—~k'2 ; sgncTRV(Xgl,XUZ)w(X@,...,ng+2)
.l'<].0'€ {i,jt

RVAw(Xy,..., Xp0) =

1
- 2.kl 2 Zr sgnO—RV(XOjIXO'z)w(X(@, e ’X‘Tk-s-z)
1<j U’EA{i,j}
+ Z Sgn URV (X(Tll X(TZ)W(X(73, ce ey ng+2)
7AG)
1

= 5o

( (—1)"* sgnpRY (X, Xj)w (X ji ..., X j )
) l<] P65k+2/P1:11P2:2 3

Pk4-2

+ Z (_1)i+jsgnpRv(Xj’Xi)w(XaLg""’Xaij ))

PESki2.01=2,02=1 P42

= 5o

( (—1)’”sgnpRv(Xi,Xj)sgnpw(Xgij,...,X i)
) l<] Pesk+2/P1:1rP2:2 3
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+ Z (—1)i+jsgnpRv(Xj,XZ‘)(—Sgnp)C()(Xo_ij,...,Xgij ))

pesk+2,p1:2,p2:1 03 Pk+2

=Y (-1)"RY(X;, X)w(Xy, ..., XKiy oo, Ky, Xiy2)

cee Ky,
i<j
U

Lemma 6.6. Let E — M be a vector bundle, p € M, 1ﬁ €Ey, A€ Hom(TpM, Ep). Then there
is € T'(E) such that 1, = ¢ and Vxip = A(X) for all X € T,M.

Proof. Choose a frame field ¢y, ..., @i of E near p. Then we have near p

Vxo; = sz,] )oj, for a;i € Q'(M),

k
X) =) Bigip forpe (T,M),
i=1

k
170 = Z ai(pip.
i=1
Ansatz: ) = ) _ fip; near p ~ requirements on f;. Certainly fj(p) = a;. Further, for

XeT,M,
Y Bi(X)pip = Vxp = dez X)pip + fi(p Z“u )®jp)-

With fi(p) = a;,
ﬁi = df, + Za]‘a]‘i.
j
Such f; are easy to find.
Ul

Theorem 6.7 (Second Bianchi identity). Let E be a vector bundle with connection V. Then its
curvature tensor RY € O*(M, End(E)) satisfies

dVRY = 0.

Proof 1. By the last two lemmas we can just choose Xy, X1, X; € T'(TM) commuting near p
and ¢ € T'(E) with Vxy = 0 for all X € T,M. Then near p

RV(XI'/ X])’ub = invXﬂub - VX]‘VXﬂP
and thus
[V RY (Xo, X1, X3)] = (Vx,RY (X1, X2))9p + (Vx, RY (X2, X0)) 9 + (Vx,RY (X0, X1)) 9
=Vx, Vx, Vo, = Vx, Vx,Vx, ¥ + Vx, Vx, Vx, ¢
—Vx,Vx,Vx, + Vx,Vx,;Vx, ¥ — Vx,Vx, Vx §
= RV (Xo, X1)Vx, ¥ + RV (X2, Xo) Vx, ¥ + RV (X1, X2) Vx, ¢,

which vanishes at p. O
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Proof 2. We have (dYRY)yp = dV (RVy) — RV AdVyp = d¥(aVdVy) —dVaV (dVy) =0. O

Exercise 6.8.
Let M = R3. Determine which of the following forms are closed (dw = 0) and which are
exact (w = df for some 0):

a) w=yzdx + xzdy + xy dz,

b) w = xdx + x*y*dy + yz dz,

) w = 2xy*dx Ady +zdy Adz.
If w is exact, please write down the potential form 6 explicitly.

Exercise 6.9.
Let M = IR". For & € T(TM), we define w® € Q}(M) and »w® € Q" ~1(M) as follows:

W (Xq) := (&, Xq), *w®(Xa,...,Xy) :=det(& Xy, ..., Xy), Xi,...,X, € T(TM).
Show the following identities:
df = we™Y | dxw® = div(&) det,

and forn = 3,

dwb = %™,

6.1 Fundamental theorem for flat vector bundles
Let E — M be a vector bundle with connection V. Then

E trivial <= 3 frame field ® = (¢1,..., @) withVe; =0,i=1,...,k
and

E flat <= E locally trivial, i.e. each point p € M has a neighborhood U such that E|; is trivial.

Theorem 6.10 (Fundamental theorem for flat vector bundles). A vector bundle

(E,V)isflat <= RY =0.

Proof.

"=" Let (¢1,...,¢x) be a local parallel frame field. Then we have fori =1,...,k
RV(X, Y)q)i = VxVyp, — VyVxe; — V[X,y] p; = 0.
Since RV is tensorial checking RV ¢ = 0 for the elements of a basis is enough.

"<": Assume that RY = 0. Locally we find for each p € M a neighborhood U diffeomor-
phic to (—¢,¢)* and a frame field ® = (¢1,..., ¢;) on U. Define w € QO (U, RF)
by

k
Vi =) pjwi.
p
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With V& = (Vgy,..., Vi), we write
Vo = dw.
Similarly, for a map F: U — Gl(k,R) define a new frame field:

o =or!
All frame fields on U come from such F. We want to choose F in such a way that
Vd = 0. So,
0= vd
= V(®F )

= (VO)F 1+ @d(F )
= (VO)F ! —dF 1dFF!
= ®(w—FYdF)F,
where we used that d(F~') = —F~'dF F~. Thus we have to solve
dF = Fw.

The Maurer-Cartan Lemma (below) states that such F: U — Gl(k, R) exists if and only
if the integrability condition (or Maurer-Cartan equation)

dw+wAw=0

is satisfied. We need to check that in our case the integrability condition holds: We
have

0

RV(X,Y)® = VxVy® — VyVx® — V| @

Vx(®w(Y)) — Ty (P (X)) — dw([X, Y])

Pw(X)w(Y)+ d(Xw(Y)) — dw(Y)w(X) — P(Yw(X)) — Pw([X,Y])
= P(dw +wAw)(X,Y).

Thus dw + w A w = 0.

Exercise 6.11. i
Let M C R? be open. On E = M x IR? we define two connections V and V as follows:

_ 0 —xdy = 0 —xdx
v_d+<xdy 0 )’ v_Cl—k(xclx 0 )

Show that (E, V) is not trivial. Further construct an explicit isomorphism between (E, V)
and the trivial bundle (E, d).

Lemma 6.12 (Maurer-Cartan). Let
U:=(—¢e)", weOl(U, ]Rka), Fy € Gl(k,R),
then

3F: U — Gl(k,R) : dF = Fw, F(0,...,0) =F <= dw4+wAw=0
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Remark 6.13. Note that dw 4 w A w automatically vanishes on 1-dimensional domains.
Proof.

"=" Let F: U — Gl(k,R) solve the initial value problem dF = Fw, F(0,...,0) = F.
Then 0 = d*F = d(Fw) = dF Aw + Fdw = Fw A w + Fdw = F(dw + w A w). Thus
dw+wAw =0.

<" (Induction on 1) Let n = 1. We look for F: (—¢, ) — Gl(k, R) with
dF = Fw, F(0,...,0) =F € Gl(k,R).
With w = A dx, this becomes just the linear ODE
F' = FA,

which is solvable. Only thing still to check that F(x) € Gl(k,R) for initial value
Fy € Gl(k, ]R)
But for a solution F we get

(detF)" = (detF) trA.

Thus if (detF)(0) = det Fy # 0 then det F(x) # 0 for all x € (—¢,¢).
Now let n > 1 and suppose that the Maurer-Cartan lemma holds for n — 1. Write

w=Ardx1+---+ Audx,

with A;: (—e, )" — R¥K. Then

(ﬁlw—I—QJ/\cLJ)(a%,ai =

/N

ZdA /\dxa-FZA Aﬁdxoc/\dxﬁ) (aixl/ aix/)

a,p
0A; 9A;

By induction hypothesis there is
E: (—ge)" ! = Gl(k,R)

with

of
o = FA;

fori =1,...,n—1, and F(0) = Fy. Now we solve for each (x1,...,x, 1) the initial
value problem ) )
Falcl,...,x (xﬂ) = Fx1 X1 (xn)An(xl, e /xﬂ)/

ﬁ X1yeeerXp— 1(0) (xl/ . /xn—l)-
Define F(xy,...,xn) := Fyx,,_x,_,(xn). By construction a = FA,, and with dw + w A
w =0,
d (9F d OF
e (o, — FAi) = WW——(FA)—axl(FA ) — n(FAi)

A, dA;
- ax A”_ _Ai+F( ox; axn)
= F(g_; — FA)A,.
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Thus

t— (88_31:1 — PAi)(xl,. . .,xn,l,t)

solves a linear ODE. Since 9 — FA; = 0 on the slice {x € (—¢¢)" | x, = 0}, we

conclude 5’7}; — FA, forallw € {1,...,n} on whole of (—¢,¢)".

0l

Exercise 6.14.

Let M C R be an interval and consider the vector bundle E = M x R, k € IN, equipped
with some connection V. Show that (E, V) is trivial. Furthermore, show that any vector
bundle with connection over an intervall is trivial.



7. Riemannian Geometry

7.1 Affine connections

Definition 7.1. A connection V on the tangent bundle T M is called an affine connection.

Special about the tangent bundle is that there exists a canonical 1-form w € Q(M, TM),
the tautological form, given by
w(X) = X.

Definition 7.2 (Torsion tensor). If V is an affine connection on M, the TM-valued 2-form
TV = dvw

is called the torsion tensor of V. The connection ¥ is called torsion-free if T = 0 where w is
the tautological 1-form.

Example 7.3. Let M C R" open. Identify TM with M x R" by setting (p, X)f = d,f(X).
On M x R use the trivial connection: All X € T(M x R) are of the form X = (Id, X) for
X € €°(M,R"). A

(VxY)p = (p,dpY(X)).

Remark (engineer notation):

VxY = (X V)Y

N R B I -
with V = (a—x1, a—xZ, a—xB) and X = (X1,x2,X3)

0 0 0

X'V—Xla—m‘i‘Xza—xz‘i‘X?,a—x:’j.

Define a frame field X, ..., X, on M of ’constant vector fields’” X; = (p, ej). Then with V
denoting the trivial connection on TM = M x R" we have

TV(X;, Xj) = Vx,Xj — Vx X; — [X;, Xj] = 0
Theorem 7.4 (First Bianchi identity). Let V be a torsion-free affine connection on M. Then for
all X,Y,Z € T(TM) we have
RY(X,Y)Z+RY(Y,Z)X +RY(Z,X)Y = 0.
59
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Proof. For the tautological 1-form w € Q'(M, TM) and a torsion-free connection we have
0=dvd"w(X,Y,Z) = RVAw(X,Y,Z) = RV(X,Y)Z + RV (Y, Z)X + RV (Z,X)Y
U

Theorem 7.5. If V is a metric connection on a Euclidean vector bundle E — M then we have
forall X,Y € T(TM) and ¢, ¢ € T(E)

(RY(X,Y)p, 9) = —(,R¥(X,Y)p),
i.e. as a 2-form R takes values in the skew-adjoint endomorphisms.

Proof. The proof is straightforward. We have
0=d*(y,¢)
= d(d"y, ) +d(y,d"p)
= (d7d"y,g) = (@ pAd Q)+ (@ Y Adg) + (p,d a7 g)
= (dVd "y, g) + (p,d"d" g).
With dVdV = RV this yields the statement. O

Definition 7.6 (Riemannian manifold). A Riemannian manifold is a manifold M together
with a Riemannian metric, i.e. a metric {.,.) on TM.

Theorem 7.7 (Fundamental theorem of Riemannian geometry). On a Riemannian manifold
there is a unique affine connection V which is both metric and torsion-free. V is called the
Levi-Civita connection.

Proof. Uniqueness: Let V be metric and torsion-free, X,Y,Z € I'(TM). Then
X(Y,Z) +Y(Z,X) — Z(X,Y) = (VxY,Z) + (Y, VxZ) + (VyZ, X)
+(Z,VyX) —(VzX,Y) — (X, VzY)
= (VxY+VyX,Z)+(Y,VxZ - VzX)+(VyZ-VzY,X)
= 2VxY - [X,Y],Z) + (Y, [X, Z]) +([Y, Z], X).

Hence we obtain the so called Koszul formula:
1
(VxY,Z) = E(X(Y,Z) +Y(Z,X) - Z(X,Y) +([X, Y], Z) = (Y, [X, Z]) = ([Y, Z], X)).

So V is unique. Conversely define VxY by the Koszul formula (for this to make sense we

need to check tensoriality). Then check that this defines a metric torsion-free connection.
U

Exercise 7.8.

Let (M, g) be a Riemannian manifold and § = ¢**g for some smooth function u: M — RR.

Show that between the corresponding Levi-Civita connections the following relation holds:
VxY = VxY +du(X)Y +du(Y)X — g(X,Y)grad u.

Here gradu € T'(TM) is the vector field uniquely determined by the condition du(X) =
g(grad u, X) for all X € T(TM).
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Definition 7.9 (Riemannian curvature tensor). Let M be a Riemannian manifold. The cur-
vature tensor RV of its Levi-Civita connection V is called the Riemannian curvature tensor.

Exercise 7.10.
Let (M, (.,.)) be a 2-dimensional Riemannian manifold, R its curvature tensor. Show that
there is a function K € € (M) such that

R(X,Y)Z = K((Y,Z)X — (X, Z)Y), forall X,Y,Z € T(TM).

Exercise 7.11.
Let (,,.) be the Euclidean metric on R” and B := {x € R" | |x|*> < 1}. For k € {-1,0,1}

define
4

e TR

Show that for the curvature tensors Ry of the Riemannian manifolds (B, g-1), (R", g9) and
(R", g1) and for every X,Y € R" the following equation holds:

gk (Re(X, Y)Y, X) = k(gx(X, X)gk(Y, Y) — gk(X, Y)?).

7.2 Flat Riemannian manifolds

The Maurer-Cartan-Lemma states that if E — M is a vector bundle with connection V such
that RY = 0 then E is flat, i.e. each p € M has a neighborhood U and a frame field

Q1,---,Px € F(E|u)

with
Vq)]' =O, j= 1,...,k.

In fact if we look at the proof we see that given a basis 1, ..., € E, the frame ¢4, ..., ¢
can be chosen in such a way that ¢;(p) = ¢;,j =1,...,k

Suppose E is Euclidean with compatible V then choose ¢y, ..., ) to be an orthonormal
basis. Then for each X € T'(TU) we have

X<(P1/(P]>:0/ i,jzl,...,k,
i.e. (assuming that U is connected) ¢y, ..., ¢k is an orthonormal frame field:
(@i, 9j)(q) = d;

for all g € U. We summarize this in the following theorem.

Theorem 7.12. Every Euclidean vector bundle with flat connection locally admits an orthonormal
parallel frame field.

Intiution: n-dimensional Riemannian manifolds are "curved versions of R"". R" = "flat space”.
The curvature tensor RY measures curvature, i.e. deviation from flatness.



62 7.2. FLAT RIEMANNIAN MANIFOLDS

Definition 7.13 (Isometry). Let M and N be Riemannian manifolds. Then f: M — N is
called an isometry if for all p € M the map

dpf: TPM — Tf(p)N

is an isometry of Euclidean vector spaces.
In other words, f is a diffeomorphism such that for all p € M, X, Y € TyM we have

(df (X),df (Y))Nn = (X, Y)m-

The following theorem states that any Riemannian manifold with curvature R = 0 is locally
isometric to R".

Theorem 7.14. Let M be an n-dimensional Riemannian manifold with curvature tensor R = 0
and let p € M. Then there is a neighborhood U C M of p, an open set V.C RR" and an isometry
f:u—V.

Proof. Choose U C M open, p € U then there is a parallel orthonormal frame field
X1,...,Xy € I(TU). Now define

E:=TM® M xR) = TM&R.

Any ¢ € T(E) is of the form
v=(3)
with Y € T(TM) and g € ¥*(M). Define a connection V on E as follows

Vx (¥) = (V%)

It is easy to see that V is a connection. Now

RY(X,Y) (§) = Vx (V55") =0y (V55%) = (T 8)

(X,Y]g
_ (VXVny(Xg)YngXYf(Yg)X> _ (VyVXZf(Yg)ngVyXf(Xg)Y> _ (V[X,Y]ng[X,Y}>
XYg YXg [X,Y]g
_ (RXYV)Z\ _
— ( ( . ) ) —0.

Now choose U C U, p € U and ¢ € T(E

n
Then ¢ = (Y,g) with Y = ) f;X; and
j=1

) with ¥, = (0,1), Vi = 0.

)= (%) = ().

In particular, ¢ = 1. If we define f: U — R" by f = (f1,..., fx) then
(df(X),df(2)) = Y (df;(X),df;(Z)) = (§X,8Y) = (X, Y).

]

In particular, dy f is bijective. The inverse function theorem then yields a neighborhood U
of p such that f|;: U — V C R" is a diffeomorphism and hence an isometry. O
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Exercise 7.15. ~
Let M and M be Riemannian manifolds with Levi-Civita connections V and V, respectively.
Let f: M — M be an isometry and X,Y € T'(M). Show that £, VxY = VixfY.

Remark 7.16. With the last exercise follows that a Riemannian manifold M has curvature
R = 0 if and only if it is locally isometric to R".

Exercise 7.17.

a) Show that (X,Y) := Jtrace(X'Y) defines a Riemannian metric on SU(2).

b) Show that the left and the right multiplication by a constant g are isometries.
c) Show that SU(2) and the 3-sphere $% ¢ R* (with induced metric) are isometric.

Hint: SU(2) = {( % %) | a,b € C | + [b]2 = 1}.



8. Geodesics

Let M be a Riemannian manifold, V the Levi-Civita connection on TM, «: [a,b] — M,
Y € T(y*IM).

Then, for t € [a,b] we have Y; € (Y"TM); = {t} x T, (z)M = T, (M. Y is called a vector field
along «y.

Now define

(Y= (v*V)a Y =: ()

as’t

Definition 8.1 (Geodesic). 7y: [a,b] — M is called a geodesic if 7" = 0.

Exercise 8.2.
Let f: M — M and g: M — M be smooth. Show that f*(¢*TM) = (g o f)*TM and

(§of)'V =f"(g"V)

for any affine connection V on M. Show further that, if f is an isometry between Rieman-
nian manifolds, 7y is curve in M and 4 = f o+, then

7' =df(y").

Exercise 8.3.
Let M be a Riemannian manifold, oy: I — M be a curve which is parametrized with constant
speed, and f: M — M be an isometry which fixes v, i.e. f oy = <. Furthermore, let

ker(id —d, ) f) = Ry(t), for all t.

Then 7 is a geodesic.

Definition 8.4 (Variation). A variation of y: [a,b] — M is a smooth map

a: (—g€) X [a,b) > M
such that vy = vy, where 7;: [a,b] — M such that v(s) = a(t,s). The vector field along 7y
given by

is called the variational vector field of «.

64
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e 0

Definition 8.5 (Length and energy of curves). Let 7y: [a,b] — M be a smooth curve. Then

b
L(y) := / 17| is called the length of v,
a

b
E(y) := %/ﬂ 1v'|? is called the energy of -y.

Theorem 8.6. Let «y: [a,b] — M be a smooth curve. Let ¢: [c,d] — [a,b] be smooth with
@' (t) > 0forallt € [c,d], (c) = aand ¢(d) = b. Then

L(yo @) = L(7).

d / d / / (P(d) / b /
Proof. Livog) = [ I(roq)= [[Ioalle' = [ “1v= [ 17 =L, 0

Theorem 8.7. The following inequality holds (with equality if and only if || is constant)

Proof. The Cauchy-Schwarz inequality yields
b
Ly <2E(7) [ 1=20-)E(y).
U
Theorem 8.8. Let -y: [a,b] — M be a smooth curve such that +'(t) # 0 for all t € [a,b].

Then there is a smooth function ¢: [0,L(y)] — [a,b] with ¢'(t) > 0 for all t, ¢(0) = a and
@(L(y)) = b such that § = vy o @ is arclength parametrized, i.e. || = 1.
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Proof. If ¢' = 1/|y' o 9|, then |¥'| = |(7 o ¢)¢'| = 1. Define ¢: [a,b] — [0,L(7y)] by
t

P(t) = / |9'|. Then ¢/ (t) > 0 for all t, ¢(a) = 0 and ¢(b) = L(7y). Now set ¢ = ¢~ 1. Then

¢’ =1/|7" 09l O

Theorem 8.9. Let M be a manifold with torsion-free connection V. Let f: M — M and let
V = f*V be the pullback connection on f*TM. Then, if X,Y € T(TM) we have

df (X),df(Y) € I(f*T™M)

and

Vxdf (Y) - Vydf(X) = df([X,Y])

Proof. Let w denote the tautological 1-form on TM. Then

Nw=TV=0 and frw=df.

Thus
0=fdVw=d"fw=dvdf.

Thus 0 = dVdf(X,Y) = Vxdf(Y) — Vydf(X) —df([X,Y]). O

Example 8.10. Let M C IR” be open, and consider the vector fields

d d
Then
df df
df (X) = =, Y) =~
0= drn =30
and we have
0 0] _
Bxi'axj
Hence
v, —v,¥

Theorem 8.11 (First variational formula for energy). Suppose a: (—¢,€) x [a,b] — M is a
variation of y: [a, b] — M with variational vector field Y € T(y*TM). Then

d

4 e =il - [
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Proof.
d _ 4 1 72
ﬁ‘tiOE(%) = EL_OE/ |7l
a1 [ i‘ on |2
a dt =0 ds

Ul

Corollary 8.12. If « is a variation of vy with fixed endpoints, i.e. a(t,a) = y(a) and «(t,b) =
v(b) forall t € (—¢,¢€), and 7y is a geodesic, then

d

dat E(y:) =0

t=0

Later we will see the converse statement: If 7y is a critical point of E, then <y is a geodesic.

Existence of geodesics:
Let V be an affine connection on an open submanifold M C R" and let

Xi = aixl
Then there are functions F;‘j, called Christoffel symbols of V, such that

VxXj = ;rgxk
Let v = (71,...,7n) be a smooth curve in M, then
7 =270 X).
i
By definition of "V,

(VX)) = (v'V) 21" X; = Vo X; = 0" (Vx X)) = 11T 0 1)1 X
’ i ik
Thus < is a geodesic of V if and only if

0=1"= Y (17" X;+ 7 L 7T )7 Xe).
ik

]
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Since 7" X; form a frame field we get n equations:
k
0=+ Z’Yf‘?}rz‘j .
ij

This is an ordinary differential equation of second order and Picard-Lindelof assures
the existence of solutions.

Theorem 8.13 (First variational formula for length). Let «: [0,L] — M be arclength
parametrized, i.e. |y'| = 1. Let t — <y for t € (—¢,¢€) be a variation of <y with variational
vector field Y. Then

Loy = ol [
dt —o 7 0 0 7
Proof. Almost the same as for the first variational formula for energy. O

Theorem 8.14. Let 7y: [a,b] — M be a geodesic. Then |v'| = constant.

Proof. We have (v, 7") =2(y/,7") = 0. =

Figure 8.1: A rotation is an isometry on the sphere S2.

Definition 8.15 (Killing fields). Suppose t — g; for t € (—e¢, ) is a 1-parameter family of
isometries of M, i.e. each g;: M — M is an isometry. Then the vector field X € T'(TM),

d
Xp = ar tzogt(P)

is called a Killing field of M.

Theorem 8.16. Let X € I'(TM) be a Killing field and «y: [a, b] — M be a geodesic, then
(X,v') = constant.
Proof. Let vyt := gt o<y. Then Y5 = X, (5) and L(7y:) = L(7) for all t. Thus
d n|b b " nb
0= 4| _ L) = X o = [ (X09") = X7

Thus (X, (o), 7 (@)) = (X0, 7' (). a
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Example 8.17 (Surface of revolution and Clairaut’s relation).

If we have a surface of revolution in Euclidean 3-space, then the rotations about the axis
of revolution are isometries of the surface. This yields a Killing field X such that X is
orthogonal to the axis of revolution and | X| = r, where r denotes the distance to the axis.
From the last theorem we know that if y is a geodesic parametrized with unit speed then
rcosa = (7/,X) = ¢ € R. Thus r = ¢/ cosa and, in particular, r > ¢ Thus, depending on
the constant ¢, geodesics cannot pass arbitrarily thin parts.

Example 8.18 (Rigid body motion).
Let M = SO(3) C R3*3, qi,---,qn € R3, mq,...,m, > 0. Now if t — A(t), t € (—¢¢),
B = A(0), X = A’(0). Then define

n
(X, X) = 3 ) mil Xqil?,
i=1
where Xg; = % o (A(t)g;). (X, X) is called the kinetic energy at time 0 of the rigid body
that undergoes the motion t — A(t). The principle of least action then says: When no
forces act on the body, it will move according to s — A(s) € SO(3) which is a geodesic.
For all G € SO(3) the left multiplication A — GA is an isometry. Suitable families t — G;
with Gy = I then yields the conservation of angular momentum. We leave the details as
exercise.

Theorem 8.19 (Rope construction of spheres). Given p € M and a smooth family, t € [0,1],
of geodesics
vt:[0,1] =M suchthat 7:(0) =p

forall t. Let X(t) € TyM such that
X(t)=70), |X|=veR,

7201 =M, y(t) = 7(1).
Then for all t we have

(' (), 1:(1)) =0.

Proof. Apply the first variational formula to v = -;: Then we have Yy = 0 and Y; = 7.
Since

L) = [l = [ 1xX@) =%
we have
0= 2| L6 = 010}, Ay (1) — (0.7,0)) = ('), (1)
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8.1 The exponential map

Theorem 8.20. For each p € M there is a neighborhood U C M and € > 0 such that for all
X € TyM, q € U, with | X| < ¢ there is a geodesic 7y: [0,1] — M such that

v0)=4q, 2 (0)=X

Proof. Picard-Lindelof yields a neighborhood W C TM of 0 € T,M and &; > 0 such that for
X € W, X € T;M, there is a geodesic y: [—¢1,€1] — M such that y(0) = g and 7/(0) = X.
Choose U C M open, €2 > 0 such that

W:={XeTMl|gel, |X|<e}CW

Now set € = ¢1¢e.
Letq € U, X € T;M with |X| < ¢ and define

1
Y= X

Then |Y| < &, i.e. Y € W C W. Thus there exists a geodesic §: [—¢1,e1] — M with
4'(0) = Y. Now define
7:10,1] = Mby 7(s) = 7(e1s)

Then 7 is a geodesic with 9/(0) = &15/(0) = e1Y = X. O

Definition 8.21 (Exponential map). Let
Q:={X € T™M | 3v: [0,1] — M geodesic with 7'(0) = X}

Define
exp: Q — M by exp(X) = (1)

where y: [0,1] — M is the geodesic with 7'(0) = X.

Lemma 8.22. If v: [0,1] — M is a geodesic with 7' (0) = X then y(t) = exp(tX) for all
t € [0,1].

Proof. For t € [0,1] define 7;: [0,1] — M by 7+(s) = y(ts). Then 4;(0) = tX , 1:(1) = (¢),
7t is a geodesic. So exp(tX) = v+(1) = y(¢). O

Exercise 8.23.

Show that two isometries Fj, F,: M — M which agree at a point p and induce the same
linear mapping from T, M agree on a neighborhood of p.

Theorem 8.24. Let p € M. Then there is € > 0 and an open neighborhood U C M of p such
that
B :={XeT,M||X|<e} CQand exp|p : B = U

is a diffeomorphism.
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Proof. From the last lemma we get do, exp(X) = X. Here we used the canonical iden-
tification between T,M and To,(TM) given by X > (¢t — tX). The claim then follows
immediately from the inverse function theorem. O

Definition 8.25 (Geodesic normal coordinates).
(exp|B€)*1: U— B.CT,M=R"

viewed as a coordinate chart is called geodesic normal coordinates near p.

Exercise 8.26.
Let M be a Riemannian manifold of dimension n. Show that for each point p € M there is
a local coordinate ¢ = (x1,...,xy) at p such that

\Y

92| =0.
[4 axi

p

9 2 9
g(a_x,-/a—x]-) ax;

Theorem 8.27 (Gauss lemma). exp|p_ maps radii t — tX in B, to geodesics in M. Moreover,
these geodesics intersect the hypersurfaces S, := {exp(X) | X € Be, | X| = r} orthogonally.

Proof. This follows by the last lemma and the rope construction of spheres. O

Definition 8.28 (Distance). Let M be a connected Riemannian manifold. Then for p,q € M
define the distance d(p,q) by

d(p,q) = inf{L(7y) | 7: [0,1] — M smooth with v(0) = p, v(1) = q}.

Exercise 8.29.

a) Is there a Riemannian manifold (M, ¢) which has finite diameter (i.e. there is an m such
that all points p,q € M have distance d(p,q) < m) and there is a geodesic of infinite
length without self-intersections?

b) Find an example for a Riemannian manifold diffeomorphic to R" but which has no
geodesic of infinite length.



72 8.1. THE EXPONENTIAL MAP

Definition 8.30 (Metric space). A metric space is a pair (X, d) where X is a set and
d: XxX—=R
a map such that
a) d(p,q) >0,d(p,q) =0 p=gq

b) d(p,q) =4d(q,p),
c) d(p,q) +d(q,r) = d(p,r).

Is a Riemannian manifold (with its distance) a metric space?

Symmetry:
Symmetry is easy to see: If y: [0, 1
is a curve from g to p and L(y) =

] = M s a curve from p to g, then §(t) := (1 — f)
L(7)-

Triangle inequality:
For the triangle inequality we need to concatenate curves. So let v: [0,1] — M be a
curve from p to g and ¥: [0,1] — M be a curve from g to r.
Though the naive concatenation is not smooth we can stop for a moment and then
continue running:
Let ¢: [0,1] — [0, 1] be smooth monotone function such that ¢(0) =0, ¢(1) =1 and
@' vanishes on [0,¢) U (1 —¢,1] for some ¢ > 0 sufficiently small. Then define for vy
from p to g and 4 from g to r

A 2t)), rtel0,1/2
J(t) = {,7(’;(((55 _)i)), jfr?w ti [[1/2, 1])

Then
L(¥) = L(v) + L(7)
For every ¢ > 0 we find < and 4 such that

L(y) <d(p,q)+e L(7) <d(qr)+e

Thus by concatenation we obtain a curve 4 from g to r such that
L(7) < d(p,q) +d(q,r) +2¢

Thus
d(p,r) < d(p,q) +d(q,7)
As certainly it holds that L(y) > 0 this leads to d(p,q) > 0 and d(p, p) = 0.

So the only part still missing is that p = g whenever d(p,q) = 0.
Theorem 8.31. Let p € Mand f: B — U C M be geodesic normal coordinates at p. Then
d(p,exp(X)) = [X|, for [X] <e.

Moreover, for q ¢ U, d(p,q) > .
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Proof. Choose 0 < R < ¢. Take v: [0,1] — M with 7(0) = p, and define
(1) := exp(tX) with |X| =
Let

q:=7(1) = exp(X).
Then L(y) = R and in particular d(p,q) < R.

Now, choose 0 < r < R and let ¢: [0,1] — M be any curve with 7(0) = p and (1) = gq.
Define a to be the greatest t € [0, 1] such that there is Y such that

v(a) =exp(Y), [Y|=r.
Define b to be the smallest t € [0,1], a < b, such that there is Z such that

1(b) =exp(2), |Z] =

Now find
¢: [a,b] > T™M
such that
r<|&(t)| < Rforallt € (a,b), |i(a)l=7r, |E(b)]=R
and

exp(G(t)) = 7(t)
for all t € [a, b]. Define
p:[a,b] =R by p:=]||

and
v:[a,b] S 1 CT,M by ¢=:pv.

Claim: It holds that L(7y|,,) = R —

Proof. For all t € [a,b] we have

7' (t) = dexp(&'(t)) = dexp(p'(t)v(t) +p(t)V'(t)) = p'(H)dexp(v(t)) +p(t)d exp(v'(t))

By the Gauss lemma we get then

7' ()7 = lo'(Bdexp(v(1))]* + [p(t)dexp (v(1)) I* = [0 (1) [dexp(v(1)) * = p'(1)?

——
L(Y|[ap) /Ip|>/p—p| =R-r

=1
Thus we have
Certainly, we can have equality only for v' = 0. This yields the second part. O
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Now L(y) > R —r for all such r > 0. Hence L(y) > R and thus d(p,q) = R. O

Corollary 8.32. A Riemannian manifold together with its distance function is a metric space.

Corollary 8.33. Let y: [0, L] — M be an arclength-parametrized geodesic. Then there is ¢ > 0
such that

d(y(0),v(t)) =tforallt € [0,¢]

The first variational formula says:
If v: [a,b] — M is a smooth length-minimizing curve, i.e.

L(y) = d(v(a),v(b)),
then 7 is a geodesic.

To see this, choose a function p: [a,b] — R with p(s) > 0 for all s € (a,b) but

pla) =0=p(b).
Then there is € > 0 such that
w: (—¢g€) x (a,b) = M, a(t,s) = exp(to(s)y"(s)).
Without loss of generality we can assume that |y'| = 1, then

d

b b

b

0=gi| 1= 0er o [ == [l
= N———— a a

=0
for all such p. Thus we conclude 7" = 0 and so v is a geodesic. We need a slightly stronger
result.
For preparation we give the following exercise:

Exercise 8.34.
d(p,q) = inf{L(7y) | v: [a,b] — M piecesewise smooth, y(a) = p, v(b) = q}.

Theorem 8.35. Let y: [0,L] — M be a continuous piecewise-smooth curve with |y'| = 1
(whenever defined) such that L(«y) = d((0),y(L)). Then vy is a smooth geodesic.

Proof. Let 0 = 59 < ... < s = L be such that ’y|[si_1 s is smooth, i = 1,...,k. The above
discussion then shows that the parts 7| lsi_1,5,] are smooth geodesics. We need to show that
there are no kinks.

Letje{l,...,k—1} and

X = 7/‘[51‘71151‘} (si), X = 7/‘[ (s7)

$j/Sj+1]
Claim:
It holds that X = X.

Proof. Define Y = X — X and choose any variation ; of v which does nothing on
[0,57-1] U [sj41,L]. Then

d d - -
L(7) = Z dt tZOL(%’[sjA,Sj]) =V, X) = (¥, X) = [X - X‘Z-

0=2
dt{i—g ;

Thus X — X = 0.
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8.2 Complete Riemannian manifolds

Definition 8.36 (Complete Riemannian manifold). A Riemannian manifold is called com-
plete if exp is defined on all of TM, or equivalently: every geodesic can be extended to IR.

Theorem 8.37 (Hopf and Rinow). Let M be a complete Riemannian manifold, p,q € M. Then
there is a geodesic y: [0, L] with v(0) = p, v(L) = q and L(y) = d(p,q).

Proof. Let € > 0 be such that exp|p_is a diffeomorphism onto its image. Without loss of
generality, assume that § < d(p,q).
Let 0 < 6 < € and set

S :=exp(Sy)

where S5 = dBs. Then
f:S— Rgivenby f(r) =d(r,q)

is continuous. Since S is compact, there is ry € S where f has a minimum, i.e.
d(ro,q) < d(r,p) forallr € S

Then ry = 7v(J), where 7v: R — M with ¢(0) = p.
Define
d(S,q) :==inf{d(r,q) | r € S}
then
d(S,q) = d(ro,q)

Every curve 7: [a,b] — M from p to g has to hit S: There is ty € [a,b] with 57(ty) € S.
Moreover,

L(n) = L(nlja45) + L1 p)) = 0 4+4(S,q) = 6+ d(ro,q)

SO
d(p,q) > +d(r,q)

On the other hand, the triangle inequality yields
d(p,q) = d(p,ro) +d(ro,q) = & +d(ro,q)

thus
d(v(6),q) =d(p,q) =6

J _(fo)
/ T . -
o
///S 1o
( |
P B
N
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Define statement A(t): "d(y(t),q) = d(p,q) — t"
So we know A(d) is true. We want to show that also A(d(p, q)) is true.
Define

to :=sup{t € [0,d(p,q)] | A(t) true}.
Assume that tp < d(p,q).

Claim: A(tp) is true.

Proof. This is because there is a sequence t1, tp, ..., with nlglc}o t, = to and A(ty) true,

ie. f(tn) = 0 where f(t) = d(y(t),q9) — (d(p,q) — t). Clearly, f is continuous. Thus
f(tp) =0, too. O

Now let 4 be a geodesic constructed as before but emanating from v (¢y).
With the same argument as before we then get again

d(7(),q) = d(7(0),9) 4.

Now, since A(ty) is true, we have

d(p,q) < d(p,7(3)) +d(7(5),9) = d(p,7(5)) +d(5(0),q) = = d(p,7(9)) +d(p,q) —to — &

There obviously is a piecewise-smooth curve from p to 4(5) of length to + 4, so

d(p,7(8)) <to+6
hence
d(p,7(8)) =to +6

henceforth this piecewise-smooth curve is length minimizing and in particular it is smooth,
i.e. there is no kink and thus we have §(0) = y(typ +9).
Now we have

d(y(to+6),q9) = d(y(to),q) =5 = d(p,q) — (to+9)
Thus A(tg + §) is true, which contradicts the definition of to. So A(d(p,q)) is true. O

Theorem 8.38. For a Riemannian manifold M the following statements are equivalent:
a) M is complete Riemannian manifold.

b) All bounded closed subsets of M are compact.

c) (M, d) is a complete metric space.

Proof.

a) = b): Let A C M be closed and bounded, i.e. there is p € M and ¢ € R such that
d(p,q) < cforaall p,qg € A. Look at the ball B. C T,M. Hopf-Rinow implies then
that A C exp(B;). Hence A is a closed subset of a compact set and thus compact
itself.

b) = ¢): This is a well-known fact: Any Cauchy sequence {p;},en is bounded and thus
lies in bounded closed set which then is compact. Hence {p, },cN has a convergent
subsequence which then converges to the limit of {p, } enN-
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c) = a): Let y: [0,¢] — M be a geodesic.
T := sup{t > ¢ | 7y can be extended to [0, T|}.

We want to show that T = oo. Define p, := 7(T — ). Then {p,}sen defines a
Cauchy sequence which thus has a limit point p := li_r}n pn. Thus 7 extends to [0, T|
n—,oo

by setting v(T) := p. Thus 7 extends beyond T. which contradicts the definition of
T.

0

Exercise 8.39. A curve v in a Riemannian manifold M is called divergent, if for every com-
pact set K C M there exists a ty € [0,4) such that 7 (t) ¢ K for all t > tg. Show: M is

complete if and only if all divergent curves are of infinite length.

Exercise 8.40. Let M be a complete Riemannian manifold, which is not compact. Show that
there exists a geodesic y: [0,00) — M which for every s > 0 is the shortest path between

7(0) and 1 (s).

Exercise 8.41. Let M be a compact Riemannian manifold. Show that M has finite diameter,
and that any two points p,q € M can be joined by a geodesic of length d(p, q).



9. Topics on Riemannian Geometry

9.1 Sectional curvature

Definition 9.1 (Sectional curvature). Let M be a Riemannian manifold, p € M, E C T, M,
dimE = 2, E = span{X, Y}. Then

(R(X,Y)Y,X)
(X, X)(Y,Y) —(X,Y)2

KE =

is called the sectional the sectional curvature of E.

Exercise 9.2. Check that Kg is well-defined.

Theorem 9.3. Let M be a Riemannian manifold, p € M, and X,Y,Z, W € T,M. Then

(R(X,Y)Z,W) = (R(Z, W)X, Y).

Proof. The Jacobi identity yields the following 4 equations:

0= (R(X,Y)Z, W)+ (R(Y,Z)X,W) + (R(Z,X)Y, W),
0= (R(Y,Z)W, X) + (R(Z, W)Y, X) + (R(W,Y)Z, X),
0= (R(W,Z)X,Y) + (R(X,W)Z,Y) + (R(Z, X)W, Y),
0= (R(X, W)Y, Z) + (R(Y, X)W, Z) + (R(W, Y)X, Z)

O

The following theorem tells us that the sectional curvature completely determine the cur-
vature tensor R.

Theorem 9.4. Let V be a Euclidean vector space. R: V x V' — V bilinear with all the symmetries
of the curvature tensor of a Riemannian manifold. For any 2-dimensional subspace E C V with

orthonormal basis X,Y define
K= (R(X, Y)Y, X)

Let R be another such tensor with Kg = K for all 2-dimensional subspaces E C V, then R = R.

Proof. Kg = K implies

(R(X,Y)Y,X) = (R(X,Y)Y,X) forall X,Y € V
78
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We will show that we can calculate (R(X,Y)Z, W) forall X,Y,Z, W € V provided we know
(R(X,Y)Y,X) forall X,Y € V.
Let X,Y,Z,W € V and define f: R* — R by

F(5,8) = (R(X +SW,Y +tZ2)(Y +tZ), X +sW) — (R(X +5Z,Y + tW)(Y + tW), X + sZ)

For fixed X, Y, Z, W this is polynomial in s and ¢.
We are only interested in the st term: It is
(RW,Z2)Y,X) + (R(W,Y)Z,X) + (R(X,2)Y, W) + (R(X,Y)Z,W)
—(R(Z,W)Y,X) —(R(Z,Y)W,X) — (R(X,W)Y,Z) — (R(X,Y)Z, W)

= 4(R(X,Y)Z,W) + 2(R(W,Y)Z,X) — 2(R(Z, Y)W, X)
= 4(R(X,Y)Z,W) + 2(R(W,Y)Z + R(Y, Z)W, X)
= 4(R(X,Y)Z,W) — 2(R(Z, W)Y, X)
= 6(R(X,Y)Z, W).

U

Corollary 9.5. Let M be a Riemannian manifold and p € M. Suppose that Kg = K for all
ECTM with dAim E = 2, then

R(X,Y)Z = K((Z,Y)X — (Z,X)Y).

Proof. Define R by this formula. Then R(X,Y) is skew in X, Y and
(R(X,Y)Z,W) = K((Y, Z)(X, W) — (Z, X)(Y,W))
is skew in Z, W. Finally,

R(X,Y)Z+R(Y,Z)X+ R(Z,X)Y
=K{Z,Y)X —(Z,X)Y + (X, Z)Y — (X, Y)Z+ (Y, X)Z — (Y, Z)X) = 0.

and if X,Y € TyM is an orthonormal basis then

Re = K{(Y,Y)X — (Y, X)Y, X) = K.

9.2 Jacobi fields

Let v: [0,L] — M be a geodesic and
w: (—ee) x[0,L] = M

be a geodesic variation of v, i.e. 9 = «a(t,.) is a geodesic for all t € (—¢,¢). Then the
corresponding variational vector field Y € T'(y*TM) along v,

YS — a_lx

is called a Jacobi field.
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Lemma 9.6. Let « be a variation of a curve, V = a*V and R = a*R, then
S ~, 0 0 . -
Oy = R(—, =) 2n 9y
VgV =Rigp ap)me tVaVaae
Proof. Since V is torsion-free we have V a@ =V, ai The equation then follows from
ds ot
0 9

Theorem 9.7. A vector field Y € T'(y*TM) is a Jacobi field if and only if it satisfies
Y"+R(Y,7)y =0.

Proof.

"=": With the lemma above evaluated for (0, s) we obtain

"<": Suppose a vector field Y along <y satisties
Y'+R(Y,y )y =0

We want to construct a geodesic variation « such that 9 = 7 and with variational
vector field Y. The solution of a linear second order ordinary differential equation
Y is uniquely prescribed by Y(0) and Y’(0). In particular the Jacobi fields form a
2n-dimensional vector space. Denote p := (0).
By the first part of the prove it is enough to show that for each V, W € T,M there exists
a geodesic variation « of v with variational vector field Y which satisfies Y(0) = V
and Y'(0) = W:
The curve

n: (—&8& =M, n(t)=exp(tV)
is defined for & > 0 small enough.

Define a parallel vector field W along n with Wy = W. Similarly, let U be parallel
along 7 such that Uy = 9/(0).
Now define
w: [0,L] x (—¢,€) = Mby a(s, t) = exp(s(U + tW;))
for ¢ > 0 small enough. Clearly, « is a geodesic variation of 1.
From Uy, W; € Tﬂ(t)M we get

and hence

Moreover,
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Exercise 9.8.
Show that, as claimed in the previous proof, there is ¢ > 0 such that for |t| < ¢ the geodesic
v+ = a(., t) really lives for time L.

Trivial geodesic variations: y¢(s) = y(a(t)s + b(t)) with functions a and b such that 2(0) =
1, b(0) = 0. Then the variational vector field is just

Yo = (a'(0)s +5'(0))7'(s)

Thus Y’ = 4’(0)9’ and hence Y” = 0. Certainly also R(Y,v’) = 0, thus Y is a Jacobi field.
Interesting Jacobi fields are orthogonal to 7':
Let Y be a Jacobi-field, then consider

f0L] =R, f={(Yv")
Then
fr={"vYand " = (Y, 9') = —(R(Y,9")7,9') =0

Thus there are 4,b € R such that
f(s)=as+b

In particular, with
V :=Y(0) and W := Y’'(0)

we have
f0)=(vV,7), f(0)=(W,~(0))

Then we will have f = 0 provided that V,W L 9/(0). So (Y,9') = 0 in this case. This
defines a (2n — 2)-dimensional space of (interesting) Jacobi fields.

Example 9.9. Consider M = R". Then Y Jacobi field along s — p + sv if and only if Y’ =0,
i.e. Y(s) = V + sW for parallel vector fields V, W along -y (constant).

Example 9.10. Consider the round sphere §" C R"! and let p,V,W e R"*! be orthonor-
mal. Define 7; as follows

v:(s) := coss p +sins (costV +sint W).
Then Ys; = sins W is a Jacobi field and thus
—sins W = Y"(s) = —R(Y(s),7/(0))7'(0) = —sinsR(W, 7).

Thus W = R(W,v’)v'. Evaluation for s = 0 then yields W = R(W,V)V. In particular, if
E = span{V,W} C T,S", then Kg = (R(W, V)V, W) = 1.
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9.3 Second variational formula

Theorem 9.11 (Second variational formula). Let
a: (—¢€e) X (—¢,€e) x[0,L] = M

be a 2-parameter variation of a geodesic y: [0,L] — M, ie. «(0,0,5) = 7(s), with fixed
endpoints, i.e. a(u,v,0) = y(0) and a(u,v,L) = (L) for all u,v € (—¢,¢€). Let

o o
Xs= — Y = — Yuno(s) == a(u,v,s)
S ou (0,0,5) B (0,0,5) "
Then )
S E(rus) (0,0) = — [ XY+ RO A,
oudv S o ’

Remark 9.12. Actually, that is an astonishing formula. Since the left hand side is symmetric
in u and v, the right hand side must be symmetric in X and Y.

Let’s check this first directly:

Let X,Y € T'(v*TM) such that Xy = 0 = Y and X; = 0 = Y. Then with partial integration
we get

L L L
| @Y R = [+ R

L L
=[x+ [C R,
0 0
which is symmetric in X and Y.

Proof. First,

d E _ 1 J L d
u (')’u.v) ~ 234 0 <&D‘/ 35“>
L
= Vi%a,%lx)
Ju
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Now, let us take the second derivative:

aZ
mE(’Yu.v)
=2 v 2
o0 0 ou"’ %as
L L
— = [(Va2a Vo 2a - [(Z07,V, 2
0 v 0s 0 v 0s

L L
d d d d Jd d\0
S S

Evaluation at (1,v) = (0,0) yields
02 L

— — 9
uggE712) (0,0) = = [V 5 fo

L
A1) = XY R,
)

With 7" = 0 we obtain the desired result. O



10. Integration on manifolds

10.1 Orientability

Definition 10.1 (orientability).

1. An n-dimensional manifold M is called orientable if there exists w € (Y'(M) such that
wp # 0 forall p € M.

2. An orientation on an n-dimensional manifold M is an equivalence class [w] of nowhere
vanishing n-forms
W~ 0= Aw

where A : M — R is smooth and satisfies A(p) > 0 for all p € M.

3. Given an orentation [w)] on M, then we say a basis Xi,...,X, € TyM is positively
orientated if w(Xy, ..., Xn) > 0.

Remark 10.2.
If M is connected and orientable, then there are exactly two orientations of M. Therefore,
if M has k connected components and M is orientable, then M has 2* orientations.

Example 10.3. If dim M = 2 and f : M — RR? is an immersion and N : M — R? is the unit
normal, then for X,Y € T,M define

w(X,Y) = det(N,, df(X), df(Y))

Therefore M is orientable.

Definition 10.4 (orientation of charts). If M oriented, i.e. M comes with an orientation [w],
then a chart ¢ : U — R", ¢ = (x1,...,xy) is called positively oriented if

wly=fdxgN--- Ndxy,

with f :U — R, f(p) >0forall p € U.

Definition 10.5 (atlas). An atlas of M is a collection of charts {Uy }y such that M = U U,.
14

Theorem 10.6. If M is oriented, then M has an atlas only consiting of positively oriented charts.
84
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Proof. Let (Uy, ¢u)act be an atlas of M, then without loss of generality we may assume that
all U, are connected.
We see that by definition

wlu, = fa ¢ (dy1 A+ Ndyn)

with either f,(p) > 0 or f,(p) < 0 for all p € U,.
In the case of f, < 0 define ¢, : U — R, ¢y = (—x1,X2,...,Xn) where ¢, = (x1,...,Xp).
If we replace all negatively oriented ¢, by ¢, then these will do the trick. O

Remark 10.7. The converse of theorem 10.6 is also ture, but to proof this we will need
thepartition of unity, so we will do it later on.

10.2 Integration of w € O5(M) with suppw C U

Definition 10.8 (support of a section). If E is a vector bundle over M and i € T'(E), then
we define the support of P as

supp ¢ := {p € M|y, # 0}

Remark 10.9. The support is well defined as {p € M|y, # 0}, as the complement of the
closed set {p € M|y, = 0}, is open.

Definition 10.10 (Qg(R")). We define Oy (R") := {w € Q"(R")| supp w is comapct}.

Definition 10.11 (Integral of w € Qg (R")). If w € O (R"), then we define

IRnw:: IR”f

where we use the notation of definition 10.4.

Theorem 10.12. Given w, @ € Qg (R") and a diffeomorphism ¢ : supp @ — supp w such that
w = @*@ and det ¢’ > 0, then
/ w = @
n R‘Vl

Proof. Let @ = fdxy A---Adx, and w = f dx; A --- Adx, with f = w(Xy,...,X,) where
Xi(p) = (p,ex), k=1,...,n. Then we see that

[(9°®) (X, Xn)], = [@(do(X1), ..., dop(Xa))],
= fop(p)det(g)(er) - gplen))
= fop(p)det(g;)
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but also
[(¢*@) (X1, ..., Xu)], = [w(X1,..., Xu)], = f(p)

for all p € R, ie. ) i

f=fopdet(¢)) = foq|det(¢)]
where we used det(¢’) > 0 in the last equality. We finally yield, using the transormation of
coordinates theorem

fa=[ F=] Fogldetighl=[ f=[ «

Definition 10.13 (Integral of w € Qf (M) with supp w C U). If M is oriented, w € Q (M)
and supp w C U where U, ¢)is an orientation preserving chart with V := ¢(U), v : V — M,

v = @, then we define
/ w = 7w
M R"

Remark 10.14. The Integral is well defined, because assume (U, ¢) is another chart such
that 4 = ¢! and the change of coordinates ¥, then ¥*w = (yo9)*w = ¢*v*w. By theorem
10.12 and since 1 is orientation preserving, we see that

R R”

which makes the definition independent of the choice of (U, ¢).

10.3 Partition of unity

Theorem 10.15 (partition of unity). Let M be a manifold, A C M compact and (Uy)ye] an
open cover of A. Then there are 01,...,0m € C*(M) such that for each i € 1,...,m there is

m
w; € I such that supp 0; C Uy, is compact. Moreover ¢;(p) > 0 forall p € Mand )_ 0i(p) =1
i=0

forall p € A.

Proof. We already know that there is a function g € C*(R") such that g(p) > 0 for all
p € R"and g(p) > 0if p € D := {x € R"||x| < 1}. Define

D,:={xeR"|x—p| <1}, D:={xeR"||x| <2}, D,:={xeR"x—p|<2}

For each p € A there is a chart (U,, ¢,) such that ¢, : U, — D, is a diffeomorphism and
U, C Uy, for some a € I.
If we define

Vpi=¢, 1(Dp)
then (Vp),ca is an open cover of A. This implies that there are py,...,pn € A such that
ACVy U---UVp,.
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0 if p & V),

gogy iftpeV,
This means (¢1 + - - - + 0m)(p) > 0 always holds, and in particular (61 + - - - + dm)(p) > 0
for p € A. If now A = M, then we define

Now define fori € {1,...,m} él-:M—HRbyéi:{

Qi
01+ + dm)

Qi5:(

and we are done.

Otherwise, since A is compact, 01 + - -+ + 0, attains its minimum in A, i.e. there is an
€ > 0 such that (61 + -+ 0m)(p) > € for all p € A. Consturct h € C*(M) such that
h(x) >0 forall x € R and h(x) = x for x > €. Now fori € {1,...,m} define

0i = o
YUh(Gr+ 4 0m)

then clearly (01 + -+ 0m)|a = 1. O

Theorem 10.16 (partition of unity - general version). Let M be a manifold and (Uy)e; an
open cover of M, i.e. UyeiUy = M. Then there is a family (0p)pej with gg € C*(M) such that

1. for each B € | there is a € I such that supp g C Uy is compact.
2. 0i(p) >0 forall p € M.

3. 0p(p) # 0 only for finitely many p € ] and and Y _ 0g(p) = 1 for all p € M.
pej

Proof. This theorem will remain without proof, as we only cite it to emphasize the existence
of a more general version, but do not actually use it much. O

Nonetheless we will shortly give some applications of the general partition of unity.
Theorem 10.17. Every manifold has a Riemannian metric.

Proof. We have coordinate charts (Uy, ¢«), i.e. an open cover (Uy),er of M and a Rieman-
nian metric g, on U, where g, = ¢, gRrn is the pullback metric. Now we choose a partition
of unity (0g)gej subordinate to the cover (Uy)aer-

Define
8= ) 0p8u(p)
Be]
which is, as a linear combination of positive definite symmetric bilinear forms with positive
coefficients, also positive definite. Then ¢ is a Riemannian metric on M. O

Theorem 10.18. Every vector bundle E over M has a connection.

Remark 10.19. If V! ..., V™ are connections on any bundle E and Aq,..., A, € C®(M)
with Ay 4 -+ -+ Ay, =1, then V defined by

Vxyp =M Vi + -+ AuVEp
for X € T(TM), ¢ € T(E), certainly is a connection.
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Proof. Locally (on U,) E looks like U, x R¥, therefore, by pulling pack the trivial connection,
we have a connection V* on E|y,. Choose a partition of unity (¢g)sej subordinate to the
cover (Uy)qer, then we can say

BeJ
is certainly a connection, as only finitely many of the ¢ # 0. O

10.4 Manifolds with a boundary

Definition 10.20 (manifold with a boundary). A n-dimensional manifold is said to have a
boundary if its coodinate charts take values in H := {(x1,...,x,) € R" | x1 > 0}.

Remark 10.21. If M is a manifold with boundary then
1. M° = M — oM is an n-dimensional manifold.

2. dM is an (n — 1)-dimensional manifold without boundary.

Definition 10.22 (positive oriented). Let p € M and X,...,X,,—1 € T,dM then we say
X1, ..., Xy—1 are positive oriented if (N, X, ..., X,,_1) are positive oriented for some outward
pointing N € T,oM.

Definition 10.23 (outward pointing). A vector N € T,0M is called outward pointing if
dx1[(de)(N)] > 0 for any coodinate chart ¢.

10.5 Integration of w € (M)

We have already defined / w for w € O (M) if suppw C U, where (U, ¢) is a chart. The
M

main task now will be to get rid of the assumption that the support is contained in some
chart neighbourhood. The strategy will be to cover supp w with U, coming from charts
and then to choose a subordinate partition of unity (0g)ginj. As suppw is compact it is
sufficient to choose a finite set {Uj, ..., Uy} to cover it and therefore we only need a finite
partition of unity o1, ..., 0n.
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Definition 10.24 (Integral over w € Qg(M)). Let w € Q5 (M), (Un, @a)ae1 an open cover
of M consisting of coodrinate charts and 01, . .., Om a partition of unity subordinate to (Uy)aeg

then we define
m
w = W
Ju= B Jue

To ensure that our newly gained integral is well defined, we proof the following theorem.

Theorem 10.25. / w thus defined is independet of the choices.
M

Proof. Without loss of generality we can assume (Uy ), contains all coordinate neighbour-
hoods, i.e. the independence of (Uy)4e; is no problem at all.

For the independence of the partition of unity let 01,...,0m,01,...,0m € C7(M) be two
partitions of unity, then

Z/ QzW—Z/ (ZQ;)QM—”Zl/ Q]sz—Z/ (Zez>9]w—2/ gjw

0

Theorem 10.26 (Stoke’s theorem). Let M be an oriented manifold with boundary and w €

Qp~ (M), then
/ dw = w
M oM

Proof. As we habe the partition of unity as one of our tools, we may assume that without
loss of generality M = H" = {x € R"|x; < 0}. For further simplification we also only
consider the case n = 2 as the calculations work in the same manner for higher dimensions.
We can write

w = adx + bdy
then PO
a
dw = (a — @) dx A dy

By the definition of the integration of forms in R"” and Fubini’s theorem we now see that

0 ab
/H ) dw = / / dxdy / / —dydx
_/ b(0,y) dy — 0

= bd
o Y

= w
oH2

where we used the compact support of w and the fact that the y-axis suits the induced
orientation of dH?. H
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For now consider an oriented Riemannian manifold M, p € M, an orthonormal basis
X1,..., Xpof TyMand w € QO(M) that is compatible with the orientation and w(Xjy, ..., X;,) =
1

Then any other positive oriented basis Y7, ..., Y, of TpM is given by
n
Y]' = gaini
1=

with A = (a;;) € SO(n), ie. ATA =1, detA = 1. Also we can immediately see that
(,()(Yl, ce ,Yn) =1.

Theorem 10.27. On an oriented Riemannian manifold, there is a unique wy; € O'(M) such
that
CUM(Xl, 50 ,Xn) =1

on each positive oriented orthonormal basis X, ..., X, € TpM.

Definition 10.28. (volume form) The unique n-form wy, as defined in theorem 10.27 is called
the volume form of M.

Definition 10.29. (Integral of f € C5°(M)) Let M be an oriented Riemannian manifold and
f € C5 (M), then we define
= ‘w
Juf =t eom




11. Remarkable Theorems

11.1 Theorem of Gaufi-Bonnet
We already know that for a compact Riemannian manifold M, and f € € (M) one can

define
cR
1%

If M is any orientable manifold of dimension n and w € (M) then one can define

| w

In this chapter we will derive that there is an interesting relation between Topology and
Geometry.

Theorem 11.1. (Gauf-Bonnet) Let M be a compact and oriented Riemannian manifold with
dim M = 2. Then there is an integer g € 0,1,2, ... such that

/MK —4n(1—g)

Proof. We will later proof a more general version, the “Poincaré-Hopf Index”-theorem. [J

Definition 11.2. (genus) The integer g mentioned in theorem 11.1 is called the genus of M.

o=

Figure 11.1: A sphere and a Torus that are of genus 0 and 1 respectively.

Remark 11.3. The genus of M does neither depend on the metric, nor on the orientation.

By considering some simple examples one can easily see that the Gauf3-Bonnet theorem
provides a remarkable link between a local property, namely the curvature, and a topolog-
ical, thus global property of M. In general one could say ”g is the number of holes in M”.
Another rather interesting theorem, although it is not so easy to proof (thus we won’t do
it) is the following

91
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Theorem 11.4. If M, M are compact oriented surfaces with genus g, § respectively, then M is
diffeomorphic to M if and only if g = §

So by listing the genus of a surface, we obtain complete list of diffeomorphism types of
compact oriented surfaces.

One may know the follwing theorem from lectures about complex analysis which enables

us to classify also the curvature of a surface by in dependence of its genus.

Theorem 11.5. (uniformization theorem) Let M be a compact Riemannian surface, then there is
u € C*(M) such that regarding
~_ 2
)™ =)

M has constant curvature K = {—1,0,1} (depending on whether g = 0,¢ = 1,9 > 2). For
g > 2 u is unique.

Proof. This theorem is known from lectures about complex analysis. O

Theorem 11.6. (Ricci-flow) On a compact surface the Ricci-flow

() = —Ric+/MK(-,->

converges to a conformally equivalent metric with constant curvature.

Definition 11.7. (isometric immersion) Consider a Riemannian manifold M with (-,-) and
f: M — R then f is an isometric immersion if

(df(X),df(Y))grs = (X, V)

Theorem 11.8. If M is compact and f : M — R3 is an isometric immersion then there is p € M
with K(p) > 0.

Remark 11.9. This explains why we have to use the various models, that are well known
from lectures about geometry, to visualize the hyperbolic plane . We cannot find an isomet-
ric immersion to IR as this would be in contradiction to the constant negative curvature of
hyperbolic space.

11.2 Bonnet-Myers’s Theorem

Definition 11.10 (Simply connected). A manifold M is called simply connected if for every
smooth map «v: S — M, S' = 9D?, there is a smooth map f: D* — M such that ¢ = flgi-

Theorem 11.11. Let M be a simply connected complete Riemannian manifold with constant
sectional curvature K > 0. Then M is isometric to a round sphere of radius r = 1/V/K.
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N

Figure 11.2: A sphere is simply connected and a Torus is not.

Proof. Without proof. O

Without completeness:
Then it is only a part of the sphere.

Without simply connected:
IRP" has also constant sectional curvature. Similar with lense spaces: Identify points

on §3 C C? that differ by ¥™/", M =83/ ~.

Theorem 11.12. Let M be a simply connected, complete manifold, and let for all sectional curva-
tures Kg the inequality i < Kg <1 hold, then M is homeomorphic to S".

Proof. As we want to save some time we will skip this quite complicated proof. O
Remark 11.13. For M = CP" one has % < Kg <1.

Definition 11.14 (Scalar curvature). Let M Riemannian manifold, p € M, Go(T,M) Grass-
manian of 2-planes E C TyM (~ dim Go(T,M) = n(n —1)/2), then

- .
S = vol(Gy(T,M)) /Gz M) Kg

is called the scalar curvature.

Definition 11.15 (Ricci curvature). Let M be a Riemannian manifold, p € M and X € TyM
woth |X| = 1.
Let further S"~* C X C TpM, then

RiC(Xr X) = W o Kspan{X,Y}dY

is called Ricci curvature.

Let us try something simpler:
Ricci-tensor: Choose an orthonormal basis Z, ..., Z, of T,M with Z; = X and define

M:

RiC(X, X) = Ll <R(Zz/ X)X Z n—1 ZKspan{XZ}
i

Then with AZ := R(Z, X)X defines an endomorphism of T,M and

Il
[y

M:

n
Ric(X, X) := 25 Y (R(Z, X)X, Z;) = 15 Y (AZ;, Z;) = L;tr(A).
i=1

I
—_

i

Thus Ric(X, X) does not depend on the choice of the basis.



94 11.2. BONNET-MYERS’'S THEOREM

Definition 11.16 (Ricci-tensor). The bilinear map

Ric, : TyM x T,M — R, (X,Y) — Ric(X,Y), := —tr(Z s R(Z, X)Y)

is called the Ricci-tensor of M at p.

Theorem 11.17. Ricy,: TyM x TyM — R is symmetric.

Proof.

n n

Ric(X,Y) = 25 Y (R(Z;, X)Y, Z;) = 15 Y (R(Z;, V)X, Z;) = Ric(Y, X).
i=1 i=1
U
Now we have two symmetric bilinear forms on each tangent space, namely (.,.) and Ric.
Theorem 11.18. The Ricci-tensor is well defined in the sense that it yields the Ricci-curvature,
Le.
Ric(X, X) = Ric(X, X)

Proof. Without proof. O

Definition 11.19 (ric,-map). Define

ric, : T,M — TyM by (ric,X,Y) := Ric(X,Y)

Remark 11.20. ric, is self-adjoint.

~ Then the Eigenvalues «,...,%, of ric, (and eigenvectors) provide useful information
which leads us to the following definition.

Definition 11.21 (Scalar curvature). Let Zy,...,Z; be an orthonormal basis of TyM. Then

define
S(p) = sy AR(Zi, 2)) 2, Z3)

i<j

Remark 11.22. If we choose an ONB, then we can derive that

Y Ric(Z;,Z)) =+ Y 24 Y (R(Zi,Z)Z;, Z;)
j=1 =1 iA
= n(nl_l) ZZ:(R(ZZ,Z VZi, Z;)
j=Li#]
- n(nz—l) Z<R(Zl’ Z])Zj’ Zi>
1<J
= 1Y (ric,Z;, Z))
j=1
= Ltr(ric,)

In other words, %tr(ricp) would also be a suitable definition for the scalar curvature.
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Theorem 11.23. The scalar curvature is well defined, i.e. S(p) = S(p).

Proof. Without proof. O

If we now restrict ourselves to the case dim M = 2, then we can consider K € C*(M),
the sectional curvature of M. For |X| = 1, then Ric(X, X) is the average of all sectional
curvatures of planes E C T,M with X C E. As dimM = 2, it is Ric(X, X) = K for all
|X| =1, or even more general

Ric(X, X) = K (X, X)

for all X € T,M. So we can consider Ric = K (-, -) as a map
Ric : T,M x T,M — R, X — K (X, X)

This map turns a Riemannian manifold into an “Einstein”-manifold.

Definition 11.24 (Diameter). Let M be a Riemannian manifold, then

diam(M) := sup{d(p,q) | p.g € M} € RU {0}

is called the diameter of M.

Theorem 11.25. Let M be a complete manifold, then

diam(M) < oo < M is compact

Proof.
”=": diam(M) < oo, then M closed and bounded, thus compact.

"<": d: M x M — R is continuous, thus takes its maximum. ~ diam(M) < oo.

Theorem 11.26 (Bonnet-Myers). Let M be a complete Riemannian manifold such that
Ric(X, X) > (X, X)

holds for all X € TM, then

diam(M) < 7tr
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Proof. Choose p,q € M. L:=d(p,q) > 0.
By Hopf-Rinow there is an arclength-parametrized geodesic y: [0,L] — M with y(0) = p
and y(L) =g, ie. L=4d(p,q).

Now choose a parallel orthonormal frame field Xj, ..., X, along vy with X; = 7" and define
vector fields Y; € T'(y*"TM) by

Yi(s) = sin(Z52) X;(s)

We know want to create a variation with fixed end points, therefore define variations

&;: (—¢€) x[0,L] = M

of v by
&;(t,s) = exp(tY;(s)) and denote 7} = &(t,.)
Thus with
iz (—¢€) X (—¢g¢e) x [0,L] = M, a;(u,v,5) := &(*42,s)
we have
ow;
x(e) = 2] =)
du (0,0,5) :
Yis)= 2| —vi(s)
dv (0,0,5) l

Then we use the second variational formula of length: If ¢: (—¢,¢) — R, g(f) = L(7¢), then
¢ has a global minimum at t = 0, i.e. 0 < ¢”(0). Thus with 7:(s) := &(t,s) = a(t,t,s

2 2 ; L
0<8"(0) = xh—0E(n) = shsgluool(vho) = = [ (¥ ¥{ + R(¥e /)7

Since Yi(s) = sin(%) X, we have Y{'(s) = —(%)*sin(%) Xi(s). Thus, for each k,

L

( )2/()Lsin2(%):_/0L<Y//’Yk> 2/0L<R(Yk/')’/)’)’/,Yk>:/0 sinz(%)<R(Xk,’y’)'y',Xk>.

X
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By assumption Ric(X, X) > %(X, X). Thus summing over k = 2,...,n we get

n—1
72

%
=
w
-
5
N
—~
=3
N—
A
—~
S
|
—_
N—
o\¢
=
w
o,
5
N
—~
B
N—
oy
N
—~
‘e\
2
—

L
. . 2 . .
As sin?(Z£) > 0, this means that Z > L and since > 0 and (-)? is monotone we have
0 L 12 r2

T
EZ s L < nar

= | =

Then, since L = d(p,q) we have d(p,q) < 7mtr so as p and g are arbitrary we finally yield
diam(M) < 7. O

11.3 Poincaré-Hopf Index Theorem

For now the setup will be the following: Let M be an oriented manifold of dimension 2 not
necessarily with a boundary and E an oriented euclidean rank 2 vector bundle over M.

Remark 11.27. If V is some 2-dimensional vector space with det defined on it, then we get
a 90°-rotation

J:V =V with det(X,Y)=(X,JY) and J*=1
This means, thatif A =« +if € C and ¢ € V then

A-Vi=ap+ BJy

This means V becomes a 1-dimensional complex vector space. In this sense the vector
bundle E can also be viewed as a 1-dimensional vector bundle, a “complex-line-bundle”.

Now suppose E has ¢ € I'(E) with ¢, # 0 for all p € M, i.e. a nowhere vanishing section.
Then E also has a section ¢ € I'(E) that satisfies [¢,| = 1 for all p € M. Now, as we already
know, E comes wirh a metric connection V.

For some X € T,M we have

0=1X(p,9) = (Vx, )

SO
Vi = 5]y with 1 € Q1 (M)

Definition 11.28. (rotation form) The 1-form y in our consideration above is called the rotation

1-form of 1.
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Theorem 11.29. Regarding our considerations above it holds that
RY(X,Y)yp = dn(X, Y)J
Proof. Let X,Y € T,M and ¢ € I'(E) then with
Vyp =Ny Vxp =n(X)J¢ Vi =n(X Y]]y

we can easily calculate

RY(X,Y)p = VxVyp — VyVx§p — Vix ¥
= Xn(V)Jp = Yn(X)Jp —n([X, Y]) JY + n(Y)]Vxyp —n(X)]Vyy
= (dn(X,Y) —n(X, YD) Jo +n(Y)n(X) ] —n(X)Jn(Y)]
=dn(X, V)Y — (X, YD]Y —n(Y)n(X)p +5(X)n(Y)y

= dn (X, Y)Jy
where we used that ] = —1. O
Example 11.30. Let M be a Riemannian manifold, E = TM and Y € I'(TM) with |Y| = 1.
Then with X := —]JY we have for the volume form
wm(X,Y) =1
as well as

K= (R(X,Y)Y,X) = (dy(X,Y)]Y,X) = —d5(X,Y)

or in other words, we yield that
Kwp = —dy

Definition 11.31 (curvature form). The 2-form Q0 € O?(M) defined by RV = —Q] is called
the curvature 2-form of V.

Theorem 11.32. If E has a nowhere vanishing section and oM = @, then the curvature form ()
of any metric connection on E satisfies
| a=o0
M

Proof. We have that () = —dy, therefore Stoke’s theorem tells us that

Q= d:—/d —0
/M E)M;7 @7]

Corollary 11.33. For any Riemannian metric on T> = S' x S we have / ) K=0.
T

Corollary 11.34 (Hairy ball theorem). There is no vector field X € T (TS?) without zeros.
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A little Differential Topology

Goal: Every rank n vector bundle over an n-dimensional manifold has a section ¢ with
only isolated zeros.

To achieve this goal we will need a short introduction into differential topology, but as this
is no course on this topic we will only clarify some vocabulary.

Definition 11.35 (convergence in C®-topology). A sequence of maps f1, fa,...: M — M
is said to converge in the C*-topology, if their representations in charts converge uniformly on
compact subsets, together with all their partial derivatives.

Definition 11.36 (transversal intersection). Two maps f; : M; — M i = 1,2 are said to
intersect transversally if for every p1 € My, pa € My with q := f1(p1) = f2(p2) we have that

dfl(Tlel) + dfz(szMz) = TqM

Theorem 11.37 (transversality theorem). Given a smooth map f1 : My — M, then the set of
those smooth f : My — M which are transversal to fi is dense in the C*-topology.

Example 11.38. Given two transversal smooth maps fi, f> : R — R?, then

AR) N L(R)=2.

Now, let E — M be a rank n vector bundle over an n-dimensional manifold and py € T'(E)
the zero section, i.e. po(p) =0 Vp € M. Then the transversality theorem yields that there
is € T'(E) intersecting po transversally. Let p € M be a zero of 1. Then, by using a frame
field and coordinates on M, we can assume without loss of generality that ¢: R" — R>"
is the graph of a function f transversal to the graph of the zero function. In particular, the
differential of f must have full rank, which implies that ¢ has an isolated zero.

If M is a compact oriented surface and E is an oriented Euclidean vector bundle over M,
i.e. a hermitian line bundle, then these zeros come with sign—the determinant of the
differential of f—which is the winding number ind, € {—1,1} of ¢ around p (running
around a small positively oriented circle around p).
If ] € TEnd(E) denotes the positive 90-degree rotation the we have seen that the curvature
of a connection V on E satisfies

RV — _QV ]

for some QY € O*M.
Theorem 11.39. Let E — M be a hermtian line bundle with connection V. Then
1 \Y%
degE := 5~ /M Q
is independent of V.

Proof. is left as an exercise. O
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Theorem 11.40 (Poincaré-Hopf Index Theorem). Let E — M be a hermtian line bundle over
a compact oriented surface and 1 € T'E have only isolated zeros py,...,pn € M, then

degE =) _ind,, .
i

Proof. Choose a metric connection V on E and charts (U, ¢;) with U; 3 p;, ¢;(U;) = B(0)
and ¢;(p;) =0. Let V; = (plfl(Bg(O)). Then M, := M\ U;V; is a manifold with boundary,

degE =lim [ QV.

e—0J M,

Without loss of generality we can assume that || = 1 on M. Then QY = —dy, where 7
denotes the rotation form of ¢. Thus

Qv = — = .
M, aMg77 ;av,-]7

Now choose ¢; € I'(E|y,) with |@;| = 1. Then ¢|y, = y19; + y2]¢; and thus
/W 1= /W(dquoi + Vi +dy29i + V2V i, y1 ] @i — Y29i)

= / yidyz — vody1 + (v + v3) (Vi J i)
aV; ———
-1

—2rind, - [ OF
v,

11.4 Gaufs—-Bonnet Theorem

Poincaré-Hopf index theorem: Let M be a compact oriented surface and E — M be a rank
2 oriented Euclidean vector bundle over M. Then there is degE € Z such that

1. For every metric connection V on E we have RY = —QV] with QY € Q*(M;R) and

/ QV = 27t degE.
M

2. For every ¢ € I'E with isolated zeros py, ..., pn, then

2 indy, = degE .
i

Recall: If (.,.) is a Riemannian metric on an oriented surface with area form dvoly;, then
QY = Kdvoly.

Corollary 11.41. If M is a compact oriented Riemannian surface with sectional curvature K,
then

/ Kdvoly; = 2 degTM.
M
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Corollary 11.42. The Euler characteristic x(M) := degT M does not depend on the Riemannian
metric.

Proof. Given two Riemannian metrics (.,.); on M. Then linear interpolation yields a con-
tinuous family of metrics (.,.)s, t € [0,1]. Also K and dvoly; depend continuously on ¢, and
thus the degree of TM which as integer number must then be constant. O

Definition 11.43. Let M be a manifold, f € C®(M). Then p € M is called a critical point, if
dyf =0.

Exercise 11.44. If p € M is a critical point and ¢ = (x1,...,Xy) is a chart around p and we
define Hess,: T,M x T,M — R by

Hess,(X,Y) = az—faibj ,

axiaxj
i,j

where X = Zaia% and Y = ija%. In fact, if 7y is a curve such that y(0) = p, then
i j

2
Hess,(v',7') = 45 (fo 7).

If V is a finite-dimensional Euclidean vector space, then:

a) For X € V define X’ / Viby X°(Y) = (X,Y).

b) For w € V* define w* / V by w(Y) = (% Y).

Definition 11.45. If M is Riemannian and f € C*M. Then the gradient of f is defined by
gradf := (df)* € [(TM), i.e.

(gradf, X) = df(X).

Definition 11.46. Let M be a Riemannian manifold, p € M and f € C* M. Then the Hessian
of f is defined as
Hess,f(X,Y) := (Vxgradf,Y).

Exercise 11.47. Show that the two notions of Hessians are consistent when we are at a
critical point.

Theorem 11.48. The Hessian is symmetric:
Hess,(X,Y) = Hess, (Y, X) .

Proof.

(Vxgradf,Y) = X(gradf,Y) — (gradf, VxY) — YXf + (gradf, VyX)
(Vygradf, X) = [X,Y]f — (gradf, VxY — VyX).
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Definition 11.49. Let M be a manifold, f € C*°M. Then:
a) A critical point p € M is called Morse-critical point if Hess, f is non-degenerate.

b) f is called a Morse function, if all critical points of f are Morse. (~ critical points are
isolated)

The following theorem is a variant of the transversality theorem.

Theorem 11.50. Morse functions are dense in C° M with respect to the C*-topology.

Morse-critical points on a surface are either

local minima, i.e. Hess, f is positive-definite,
local maxima, i.e. Hess, f is negative-definite,
saddle point, i.e. Hess, f is indefinite.

Theorem 11.51. Let M be a compact oriented surface and f € C*M be a Morse function. Then

x(M) = #minima — #saddles + # maxima .

Proof. Immediately follows from the Poincaré-Hopf index theorem. O

Remark 11.52. If we have a cell-decomposition of the surface, then we can construct a
Morse function which has exactly one local maximum on each face, exactly one saddle on
each edge and a local minimum at each vertex. Thus

X(M) = #vertices — #edges + # faces .

Theorem 11.53 (Classification of surfaces). Two connected compact oriented surfaces are dif-
feomorphic if and and only if they have the same Euler characteristic.

Theorem 11.54 (Poincaré-Hopf). Let M be a compact, oriented surface without boundary, E

an oriented euclidean rank 2 vector bundle over M with metric connection V and i € T (E) with
isolated zeros p1, ..., px, then

k
VvV .
/M QY =2 Z indp, ¢
j=1
Proof. As our semester is already over we will not proof this remarkable theorem, but rather
enjoy its beauty. O
Remark 11.55. One can also define the notion of the degree of a vector bundle by

k
degE:=)_ indy
j=1

which simplifies the above equation from theorem 11.54 to

/ OV =2rdegE
M
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In particular for oriented surfaces the equality deg(TM) = x(M) = 2(1 — g) holds, where
X(M) is the “Euler characteristic” and g the genus of M. So in this special case we have

oz,

which usually would have to be checked, but for lack of time we just skip this.
As a final interesting observation we see that

x(S%) = deg(TS*) =2 ~ K =4r
S

11.5 Analysis on Riemannian manifolds

Let M be an n-dimensional oriented manifold. For f € C*M we have grad f € I'TM
defined by (grad f, X) = df(X) = Xf. Using the sharp operator this means (df)* = grad f.
Equivalently, df = (grad f)’.

On each tangent space T, M there is a unique volume form (dvolys), such that

dvoly(Xy, ..., X,) =1

for each positively oriented orthonormal basis Xj, ..., X; of T, M. This form dvoly € O*M.

Given Y € TTM we can build the interior product iydvoly; € Q"M which is given by
inserting Y into the first slot of dvoly,,

ideOlM(Xz, ey Xn) = dVOlM(Y, Xz, ceey Xn) .

Definition 11.56. Let Y € IT'TM. The divergence divY € C*M of Y is then defined by

div YdVOlM = d(ideOlM) .

Theorem 11.57. divY = tr VY.

Proof. Let Xi,...,X, € I'TM be an orthonormal local frame field which is parallel along
radial geodesics outgoing form p. In particular, VX; vanishes at p. Let w; € Q'M denote
the corresponding dual frame field, i.e. w;(X;) = J;;. We have
dw;(Xj, Xie)p = Xjpwi(Xx) — X pwi(Xj) — wi([Xj, Xilp)
= X]',p(sik — Xk,pél-]- - wi((VX].Xk - VXkX])p) =0.

Now, let Zini := Y and define

n .
n=Y (=1 yiwr A AN Ay
i=1

Inserting ordered (1 — 1)-tuples of X;’s one easily verifies that 7 = iydvoly. Moreover,

n

(d(ideOlM))p = (Z [ WAREE /\dyi VANCIERWAN wn)p .
i=1
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Now, as y; = (Y, X;), we get dpy; = (VY|r,m, X;) and hence

dy; =Y (Xiy1)w;.

Thus we get
d(iydvolp)p = (Y (Vx,Y, Xi))p
and conclude divY = tr VY. O

In R", the divergence just defined is consistent with the usual definition: divY = Zaiyi.
i

By Stokes’ theorem we immediately obtain the following theorem.

Theorem 11.58 (Divergence theorem). Let M be a compact oriented Riemannian manifold
with boundary and Y € TTM. Then

/MdivY — /8M<N,Y>,

where N is the outward-pointing unit normal along the boundary.

Note: divY is independent of (local) orientation and thus makes also makes sense for
non-orientable Riemannian manifolds.

Definition 11.59. Let M be a Riemannian manifold. Then the Laplacian A: C°M — C*M
of M is given by

Af =divgrad f.

Clearly, Af = trHess f.
Let M be a compact oriented manifold, then we can define a scalar product on C*M as

follows
(e = fs

Theorem 11.60. Forall f,g € C*M,

(8f.8) = = | (grad f,gradg) = (£, 88))-
This follows immediately the divergence theorem together with the following useful lemma.

Lemma 11.61. For f € C*Mand Y € I'TM,
div(fY) = (grad f,Y) + fdivY.
Proof. This follows from the definition of div and the fact that
X’ Nixdvoly = (X, Y)dvoly

which is easy to verify. O
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Theorem 11.62. Let M be a compact oriented Riemannian manifold. Then

Af =0« f = const.

Proof. That’s an immediate consequence of the last theorem. O

Let us look for a moment at the finite-dimensional case.

Theorem 11.63. Let V be a finite-dimensional Euclidean vector space, dimV =n,and A: V —
V be linear. Then
im A = (ker A*)*.

Proof. Let x € im A, w = Av, and u € ker A*. Then
(w,u)y = (Av,u) = (v, A*u) =0.

Hence we have im A C (ker A*)*. To see equality, we choose an orthonormal basis. Then A
is represented by a matrix and A" is its transpose. Thus we find that dimim A = dimim A"
and the dimension theorem yields

dimker A* = n — dimim A* = n — dimim A = dim(im A)*.
Thus we have equality. O

It is hard work to show that the previous theorem holds also for the case that V = C*M
and A = A (seee e.g. Warner’s 'Foundations of differentiable manifolds and Lie groups’).
We just take this here for granted:

Theorem 11.64. Let M be a connected oriented compact Riemannian manifold and g € C*M.
Then:

E|f€C°°M:Af:g(:>/Mg:O.

Proof.geimA(:)gJ_kerA:]R1<:>O:((g,l)):/g-lz/g. O
M M

In fact one can prove (see Warner as well) that
a) There is a complete orhtonormal system fi, f»,... € C*M of eigenfunctions.
b) All eigenspaces Ey = {f € C*M | Af = Af} are finite-dimensional.

E.g. on the 2-sphere M = S?, the smallest eigenvalue is (as always) zero and the corre-
sponding eigenspace consists of constants. The next eigenspace consists of restrictions of
linear functions and the eigenspaces for larger eigenvalues consist of so called spherical
harmonics.

On the circle M = S! = R/27Z the Laplacian is given by the second derivative Af = f”.
Hence the eigenfunctions with respect to an eigenvalue A must be of the form cos(+/nt)
and sin(y/nt). So for v/n € Z. Thus the eigfenvalues are A = n* with n € Z. A complete
orthonormal system of eigenfunctions is then given by the Fourier basis

1 1

smcos(nt), L-sin(nt), ne€Z.
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This can be easily used to solve the heat equation f = Af or the wave equation f = Af on
the circle.

Applications to surfaces: Let M be a Riemannian surface with metric (.,.) and § = e?(.,.)
be a conformally equivalent metric. We leave it as an exercise to show that the Gaufs-

curvatures satisfy the equation
Au=K—e*K.

Conversely, on a torus we have / K = 0 and we can alsways solve for u such that K = 0.

M
Thus we have the following theorem.

Theorem 11.65. Each Riemannian 2-dimensional torus is conformally flat.

11.5.1 Hodge-star operator

Let V be an oriented Euclidean vector space, dimV = n < co. Then we have a unique
volume form det € A"V* such that for any positively oriented orthonormal basis X3, ..., Xy

det(Xy,..., X,) = 1.

Choose an orthonormal basis Xj,...,X,, € V and let wy,...,w, € V* denote its dual basis,
ie. wj= X]b Then

Wi A Awiy, 1<ip<--ix<n

1

forms a basis of A*V*. Define a Euclidean inner product (.,.) on A*V* by demanding this
basis to be orthonormal.

Theorem 11.66. This Euclidean inner product on AXV* is independent of the choice of
X]_,...,Xn.

Proof. Just a few pages... O

Theorem 11.67. Let 7 € AXV*. Then there is a unique xn € A""¥V* such that
w A *1 = (w,n) det

for all w € AFV*,

Proof. Consider the map gAV* — (A" %V*)* defined by w A & = ¢(«) det). This map is
an isomorphism as one can check on a basis. Now define 17 = ¢} (w — (w, a)). O

Example 11.68. E.g., if dim V = 5. Then * (w1 A wp) = —w3 A wa A ws.
For w € AFV* a basis form, then (WA *w = (w,w)det =wi A+ A wy.

Theorem 11.69. Let w € AFV*. Then sx w = (=1)F" ¢,

Proof. Check this on a basis. E.g. if w = w;y A wg, then xw = wy, A+ -+ A wy. Thus

det = w A *w = (Wriqg A+ Awn) A (=D (w01 Awy) = xw A sxw.



CHAPTER 11. REMARKABLE THEOREMS 107

This means:
n is even

*¥xw = w unless {kisodd

Example 11.70. Let M is an oriented Riemannian surface and | denote the 90-degree rota-
tion in the posotive sense, J> = —1,]* = —], (JX,Y) = dvoly. Let X € T,M, | X| = 1. Then
X, JX is a positively oriented orthonormal basis of T, M. Claim: For w € O!'M we have

*W = —woJ.

Example 11.71. Let M = R>. Then *f = f det, xdx = dy A dz, *dy = dz Adx, xdz = dx A dy
and = = Id.

Theorem 11.72. Let w € QM. Then xw = i ,zdvolyy.

Proof. We can assume that w = w;, where w; is a positively oriented orthonormal basis.
Then one easily verifies that

kW = wy A\ Wy :iwg(wl/\-~~/\wn)

— check on oriented (n — 1)-tuples. O

11.5.2 Combining * and d

Definition 11.73. Define 5: QKM — Q1M by

bw = (=10 s g w = (=)« Tdxw.

Theorem 11.74. Let M be compact. Then 6 = d*, i.e. for all w € XM,y € M we have

| (deom) = [ (w,on).

Proof. This follows by Stokes” theorem:

(w,on) = | wnxdnp= | (=D wadsxy= | dorsy= | (dw,n).
M M M M M

Theorem 11.75. Let M be a compact oriented Riemannian manifold. Consider the restrictions
de: OFM — QMM 6: OF M — OFM.

Then
imd; = (kerdy)t imd; = (kerdy 1)+

Proof. See Warner. O
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The space of harmonic forms is defined as the intesection of closed and co-closed forms

harm; M := ker d; N ker J;.

Theorem 11.76. dim harm; M < co and

OfM = imd;_; @, harmy M @ | im Oxr1M.

Proof. Easy to check. Hint: im dj, ¢ harmy M = ker d, harmy M ® im 6 1M = kerd;. [



